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Abstract
The dynamical structure factor of the Babujan-Takhtajan antiferromagnetic spin-1 chain
is computed numerically at zero temperature and zero magnetic field, using the higher-spin
generalization of an Algebraic Bethe Ansatz-based method previously used for spin-1/2
integrable chains. This method, which consists in the explicit construction of eigenstates
and the summation of the Lehmann representation of the correlator, is here particularly
challenging to implement in view of the presence of strongly deviated string solutions to the
Bethe equations. We show that a careful treatment of these deviations makes it possible to
obtain perfect saturation of sum rules for small system sizes, and extremely good saturation
for large system sizes where the dynamical structure factor is computed by including all
two-spinon and four-spinon contributions. The real-space spin-spin correlation, obtained
by Fourier transforming our results, displays asymptotics fitting predictions from conformal
field theory.
1 Introduction
Quantum spin chains in one dimension are of interest both from theoretical and experimental
perspectives. The prototypical spin- 12 Heisenberg model is integrable and its eigenstates can be
obtained exactly using Bethe Ansatz [1]. Moreover, the development of the Algebraic Bethe
Ansatz (see [2]) gave access to the computation of experimentally relevant quantities such as
dynamical spin-spin correlation functions. In particular, the existence of a determinant rep-
resentation of the scalar product between Bethe states [3, 4] and of matrix elements of local
operators [5] opens the way towards an explicit summation of spectral representations for such
correlators. Recent inelastic neutron scattering experiments for the antiferromagnetic spin- 12
Heisenberg chain [6,7] have displayed very good comparison with theoretical predictions follow-
ing from Algebraic Bethe Ansatz on both the spinon structure of the low-lying excitations and
dynamical correlations.
The unifying view of integrable models afforded by the Algebraic Bethe Ansatz means that
such methods can be extended to other models. In the context of spin chains, a generalisa-
tion of the Heisenberg model to integrable chains of higher spin is possible through the fusion
of R-matrices [8]. The aim of this paper is to extend the computation of dynamical correla-
tion functions for the Heisenberg model to the integrable spin-1 case, namely to the Babujan-
Takhtajan [9–11] bilinear-biquadratic model (see equation (1.2) below).
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A straightforward generalisation of the Heisenberg (i.e. strictly bilinear) model to higher
spin leads to a model with finite Haldane gap [12, 13] for integer spin, while it remains gapless
for half-integer spin. In both cases the Heisenberg model is not integrable away from spin-
1
2 , and the simplest higher-spin extensions consider a Hamiltonian which is polynomial in the
nearest-neighbour interaction terms. For the first possible generalisation of the Heisenberg chain
to spin-1, a biquadratic nearest-neighbour interaction term in the Hamiltonian can be added,
which for different ratios between the coefficients of the bilinear and biquadratic terms leads to a
rich phase diagram full of interesting physical properties [14,15]. The general bilinear-biquadratic
spin-1 chain Hamiltonian can be written as
H =
J
4
∑
j
[
Sˆj · Sˆj+1 + α(Sˆj · Sˆj+1)2
]
. (1.1)
A complete overview of the phase diagram of the bilinear-biquadratic spin-1 Hamiltonian, in-
cluding the presence of a magnetic field, is given in [16]. Only a few exactly solvable points are
identifiable. Regarding the notion of exact solvability, a point worth mentioning in the phase
diagram at α = 13 is known as the AKLT-model [17, 18]. The ground state of this model is
exactly expressed as a valence bond solid. However, this model is not Bethe Ansatz-solvable, so
its exact spectrum and correlations are out of reach.
The aforementioned R-matrix fusion procedure within the framework of the Algebraic Bethe
Ansatz yields the SU(2)-symmetric integrable higher spin chains. For the specific case of a spin-1
chain, the corresponding Hamiltonian is the Babujan-Takhtajan model with α = −1, namely
H =
J
4
∑
j
[
Sˆj · Sˆj+1 − (Sˆj · Sˆj+1)2
]
. (1.2)
It is worth mentioning that, by means of the nested Bethe Ansatz, the eigenstates of another
integrable spin-1 model with α = 1 can be constructed. This SU(3)-symmetric chain is known
as the Uimin-Lai-Sutherland model [19–21]. There have been recent developments on the com-
putation of scalar products between Bethe states for SU(3) models [22], but a full determinant
representation similar to the one existing in the SU(2) case has not yet been found. The proce-
dure of the computation of dynamical correlation functions based on the Algebraic Bethe Ansatz
can thus only be extended to the spin-1 chain for the Babujan-Takhtajan model at this point.
The Bethe equations for higher integrable spin-s chains have been derived by the fusion of
R-matrices. However, the derivation might as well be performed using the Coordinate Bethe
Ansatz [23], following the original derivation of the Bethe equations [1] for the Heisenberg model
by imposing plane wave solutions and periodic boundary conditions. The Bethe equations for
the spin-s case are given by (
λj + is
λj − is
)N
=
M∏
k 6=j
λj − λk + i
λj − λk − i (1.3)
where each set of roots λj ∈ {λ1, ..., λM} specifies an eigenstate of the model. The length of the
spin chain is denoted by N , while M denotes the number of downturned spins as compared to
the fully polarised reference state |0〉 = ⊗Nj | ↑〉j . Moreover, the energy of a Bethe state is given
by
E = −J
M∑
j=1
s
s2 + λ2j
. (1.4)
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The Hamiltonians corresponding to the Bethe equations for a spin-s chain are polynomials
of degree 2s in the nearest neighbour interaction between spins [11]. The Babujan-Takhtajan
model (1.2) is thus the first step above the Heisenberg model in this hierarchy.
While the eigenstates of the model are in principle obtained by means of the Bethe Ansatz,
solving for the roots of the Bethe equations for each state is still a highly non-trivial task.
Expressions for correlation functions of integrable higher spin chains for the isotropic as well
as the anisotropic chain at both zero and finite temperature have been obtained by means of
the Algebraic Bethe Ansatz, fusion and/or multiple integral representations [24–26], avoiding
the necessity of having to deal with the roots of the Bethe equations explicitly. However, these
approaches cannot be applied to the derivation of dynamical correlation functions, which are of
great importance from a physical point of view and which we will concentrate on here.
Some properties of the solutions of the Bethe equations might be considered in advance. If
the set of Bethe roots {λ} solves the Bethe equations, then it is straightforward to see that
the set {λ}∗ must also be a valid solution by considering the complex conjugated version of the
Bethe equations. Moreover, it is possible to prove a stronger statement [27] that the set of roots
solving the Bethe equations have the feature of being self conjugate, {λ} = {λ}∗. This important
property boils down to the fact that the Bethe roots organise themselves symmetrically around
the real axis of the complex rapidity plane. In general for the thermodynamic limit, the solutions
are furthermore conjectured to group themselves in structures called strings, sharing a common
real part, but separated in the imaginary direction by i. String solutions of length larger then one
are then to be interpreted as bound states of local spin lowering operators acting on the reference
state of the spin chain. For finite size, the string hypothesis technically fails and one encounters
deviations from the assumed perfect string patterns. The only constraint on the solutions is its
self conjugacy, yielding a picture of deformed strings as a result of the finite size. The deviations
of the string solutions regularise the divergent prefactors and determinants arising in the matrix
element expressions.
For the spin- 12 Heisenberg model, the antiferromagnetic ground state consists of real rapidities
only, while the low-lying excitations may contain a small number of strings. Moreover, deviations
of single two-strings are in general (at least at finite field) exponentially suppressed in system
size, which allows for not taking deviations into account in the numerical solution procedure
of the Bethe equations and computation of matrix elements. The expressions for the matrix
elements can be rewritten for string solutions by rearranging the determinants and cancelling
the divergent terms among each other. For the majority of purposes and in most cases it is
therefore sufficient for high precision computations to neglect string deviations in the spin- 12
model.
In contrast to the spin- 12 antiferromagnetic ground state containing only real rapidities, the
ground state of the spin-1 Babujan-Takhtajan chain is conjectured to consist solely out of two-
strings [9,11]. The bilinear term of the Hamiltonian favours antiparallel ordering of neighbouring
spins, while the biquadratic term lowers the energy when neighbouring spins are ordered either
parallel or antiparallel. Altogether this will result in antiparallel ordering in the ground state,
which can be approximated by acting twice with a spin lowering operator on every other site.
This locally bound state of two down spins gives a good intuition as to why the ground state
Bethe Ansatz solution is a sea of two-strings. The low-lying excited states can subsequently be
realised by breaking up one or more two-strings into real rapidties or higher strings.
Most importantly, a thermodynamic number of two-strings is present in the spin-1 ground
state, and the corresponding string deviations are not exponentially vanishing with respect to
system size [28, 29]. A proper description of the string structure in the Bethe states as well as
the behaviour of string deviations are an essential part of our computation, due to the presence
of strings in both the ground state and the low-lying excited states.
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The main goal of this paper is to present a computation of the dynamical structure factor of
the Babujan-Takhtajan spin-1 chain, following the numerical strategy introduced for the spin- 12
Heisenberg model [30, 31], while taking the more involved difficulties of handling string devia-
tions for the spin-1 case into account. The dynamical structure factor is defined as the Fourier
transform of the connected spin-spin correlation function
Saa¯(q, ω) =
1
N
N∑
j,j′
eiq(j−j
′)
∫ ∞
−∞
dt eiωt〈Saj (t)Sa¯j′(0)〉c (1.5)
= 2pi
∑
α
|〈GS|Saq |α〉|2δ(ω − ωα). (1.6)
From the first to the second line we switch to the Lehmann representation by making use of
a resolution of the identity 1 =
∑
α |α〉〈α| to obtain a sum over intermediate states. For the
zero temperature dynamical structure factor, the expectation value with respect to the ground
state should be taken. Furthermore, as we take the connected correlator, the ground state is
excluded from the sum over intermediate states. One can distinguish between the dynamical
structure factor in the transverse (a = ±) and longitudinal (a = z) direction of the spin chain,
although this distinction is immaterial in the zero-field isotropic case we consider here. Besides
a careful analysis and proper calculation of the deviated string solutions, the computation of the
dynamical structure factor relies on determinant representations for matrix element expressions
obtained for higher spin chains [32].
The paper is structured in the following way. The next section will provide an overview of
the structure of the Bethe Ansatz solutions for the Babujan-Tahktajan spin-1 chain, while the
third section will introduce the parametrisation and method to obtain the roots of the Bethe
equations including string deviations. Section 4 will elaborate on the matrix element expressions
for spin-1, while the results will be given in section 5.
2 Structure of solutions
In order to investigate the structure of the eigenstates of the higher spin chains, it is more
convenient to introduce the logarithm of the Bethe equations. The logarithmic branches will
provide for quantum numbers which specify the states. The logarithmic Bethe equations for the
integrable spin-s chain are given by
θ2s(λj)− 1
N
M∑
k 6=j
θ2(λj − λk) = 2piJj
N
(2.1)
where θn(λ) = 2 arctan(
2λ
n ) and the Bethe quantum numbers Jj are integers for N +M odd and
half-odd integers for N +M even. Due to the string structure of the solutions, it is a non-trivial
task to determine the set of possible configurations of Bethe quantum numbers. For a pair of
complex conjugate roots {λ, λ∗} where λ is assumed to be located in the upper half part of
the complex plane, we proceed to analyse the difference between the corresponding quantum
numbers by subtracting the Bethe equations for both conjugate roots. Similar to the spin- 12
case [33], the branch cuts of the inverse tangent of the conjugate root has to be taken into
account properly, arctanλ∗ = (arctanλ)∗ ± pi for λ ∈ [∓i,∓i∞] and arctanλ∗ = (arctanλ)∗
elsewhere. Furthermore we restrict to Re λ 6= 0 and Re (λ− λk) 6= 0 ∀k, implying that the self
scattering term between the conjugate roots yields the only non-zero branch cut of the difference
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between the corresponding Bethe equations, resulting in
J− − J+ =
{
0 if Im λ < 12 ,
1 if Im λ > 12 .
(2.2)
More elaborate examples where strings are centered at the origin or additionally have coinciding
string centers will be encountered within the low-lying excitation spectrum of the spin-1 chain.
The behaviour of the quantum numbers in these cases will be treated in section 3.
Equation (2.2) exhibits a situation where quantum numbers become equal, invalidating the
naively-expected exclusion principle on the quantum numbers for the logarithmic Bethe equa-
tions. Usually the approximation of non-deviated strings for the Bethe equations is considered,
where the Bethe equations are cast into a more convenient form in terms of the real string centers
instead of complex rapidities. The resulting string quantum numbers Inj turn out to be strictly
non-repeating, which will allow for a legitimate construction of all the possible combinations of
string solutions. However, this approach fails to deal with the effect of string deviations. In
order to treat deviations correctly it will be neccessary to reconstruct part of the Bethe quantum
numbers Jj from the string quantum numbers Ij at a future stage.
The Bethe-Takahashi equations are an adaptation of the Bethe equations for non-deviated
string solutions. The basic strategy for their derivation is to take the product over the corre-
sponding Bethe equations for each rapidity inside a string, where the string rapidities in the
approximation of non-deviated strings are parametrised as
αn,aj = α
n
j +
i
2
(n+ 1− 2a) (2.3)
where αnj ∈ R is the real part of the string and a specifies the rapidity inside a string of length
n labeled by j. The product over the free part of the spin-1 Bethe equations (1.3) for rapidities
within one n-string gives
n∏
a=1
αn,aj − i
αn,aj + i
=
n∏
a=1
αnj +
1
2 i(n− 1− 2a)
αnj +
1
2 i(n+ 3− 2a)
=
αnj − 12 i(n+ 1)
αnj +
1
2 i(n+ 1)
αnj − 12 i(n− 1)
αnj +
1
2 i(n− 1)
=

α1j − i
α1j + i
for n = 1,
1 + iαnj
2
n+1
1− iαnj 2n+1
1 + iαnj
2
n−1
1− iαnj 2n−1
for n ≥ 2.
Taking logarithms of this factor to the power N and using the relation between the inverse
tangent and logarithm yields for n = 1
ln
[
α1j − i
α1j + i
]N
= N ln
[
−1 + iα
1
j
1− iα1j
]
= iNθ2(α
1
j ) + iNpi mod 2pii
and for n ≥ 2
ln
[
1 + iαnj
2
n+1
1− iαnj 2n+1
1 + iαnj
2
n−1
1− iαnj 2n−1
]N
= iNθn+1(α
n
j ) + iNθn−1(α
n
j ) mod 2pii.
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By rearranging the fractions for strings with n ≥ 2, a minus sign comes out twice. This
implies that there is no N dependence in the parity1 of the quantum numbers in the end. For
one-strings, the minus sign cannot be canceled and is being absorbed into the quantum numbers.
This yields a different behaviour of quantum numbers for one-strings compared to other strings
of higher length. A difference with respect to the spin- 12 case emerges, where the parity of all
string quantum numbers are dependent on both N and Mn, irrespective of the string length.
The scattering part of the Bethe equations is not dependent on spin, so this part of the
derivation will have the same result as the original spin- 12 Bethe-Takahashi equations [34]. The
final result for the spin-1 Bethe-Takahashi equations is
(1− δn,1)θn−1(αnj ) + θn+1(αnj )−
1
N
∑
m,k
Θnm(α
n
j − αmk ) =
2pi
N
Inj (2.4)
where
Θnm(α) = (1− δnm)θ|n−m|(α) + 2θ|n−m|+2(α) + ...+ 2θn+m−2(α) + θn+m(α) (2.5)
and the quantum numbers for one strings In=1j are integers for N+M1 odd and half-odd integers
for N +M1 even. For higher strings I
n≥2
j are integers for Mn odd and half-odd integers for Mn
even.
From the Bethe-Takahashi string quantum numbers the dimensionality of the solutions of
a specific configuration of strings can be determined, as the Inj are non-repeating. The maxi-
mum allowed value of Inj is to be determined by placing one of the n-strings at infinity. The
corresponding quantum number is In,∞ and is calculated from taking the limit of the Bethe-
Takahashi equations for the concerning configuration of strings. The highest possible quantum
number for which the corresponding string consists of finite rapidities follows from In,∞. For the
quantum numbers of larger strings, it is necessary to subtract In,∞ by the length of the string,
as each rapidity at infinity that has to be placed back into a string with finite rapidities lowers
the maximum allowed quantum number by one. This comment about the limiting string quan-
tum numbers for two or higher string solutions has been made in [35]. The maximum allowed
Bethe-Takahashi quantum number is given by In,max = In,∞ − n.
The number of allowed quantum numbers ranging from −In,max until In,max is given by
2In,max + 1. For a state containing Mn n-strings, the number of possible distributions of Bethe-
Takahashi quantum numbers over Mn available n-strings is∏
n
(
2In,max + 1
Mn
)
. (2.6)
For the ground state in zero field (M = N) consisting of two-strings only, it is straightforward
to show that the total number of allowable quantum numbers is N2 . Distributing
N
2 two-strings
over this available set of quantum numbers yields only one possible configuration. For the
remaining excited states, we must seek a different configuration of string solutions.
Two possible excitations for the spin-1 chain were already discussed in [9], where the ground
state sea of two-strings is perturbed with strings of length respectively one and three. We will
extend this reasoning towards higher excitations which yield significant contributions to the
dynamical structure factor.
In zero field, we can distinguish between two types of important low lying excitations with
different total spin. In the first case, we consider excitations with the same number of rapidities
1Where parity indicates whether the quantum numbers are integers or half-odd integers.
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as compared to the ground state, these being in the subsector where S = 0. Secondly, excitations
with important contribution to the dynamical structure factor will have one rapidity removed,
thus being the highest weight states in the S = 1 subsector. For the contributions to the
transverse dynamical structure factor S−+(q, ω) we only need to consider the highest weight
states of the S = 1 sector. The longitudinal structure factor will not directly be interesting
in zero field, as Szz(q, ω) is equal to S−+(q, ω) up to a factor of two due to the global SU(2)
symmetry in this particular case. However, the structure of the important string solutions,
including limiting quantum numbers and dimensionality can be investigated for both kinds of
excitations and are given in tables 1 and 2.
2p
1 one-string I1,max = 0
(N
2 + 1
N
2 − 1
)
N−2
2 two-strings I
2,max = N4
4p-I
N−4
2 two-strings I
2,max = N+24 3
(N
2 + 2
N
2 − 2
)
1 three-string I3,max = 1
4p-II
2 one-strings I1,max = 12
3
(N
2 + 1
N
2 − 3
)
N−6
2 two-strings I
2,max = N4
1 three-string I3,max = 1
Table 1: Structure of the low-lying excitations for the transverse direction in zero fieldM = N−1.
The right column yields the total number of possible solutions of this type of excitation.
2p
1 one-string I1,max = 0 ( N
2
N
2 − 2
)
N−4
2 two-strings I
2,max = N4 − 12
1 three-string I3,max = 0
4p
N−4
2 two-strings I
2,max = N4 +
1
2
(N
2 + 2
N
2 − 2
)
1 four-string I4,max = 0
Table 2: Structure of the low-lying excitations for the longitudinal direction in zero field M = N .
The right column yields the total number of possible solutions of this type of excitation.
For excitations with S = 1 containing M = N − 1 rapidities, we can build up the states by
breaking up one or more two-strings from the original ground state configuration. One of the
rapidities of the destroyed two-string is removed, while the remaining rapidity can only become
a real rapidity due to the self conjugacy of the Bethe solutions. The limiting Bethe-Takahashi
quantum numbers are computed easily by the aforementioned procedure, leaving space for two
holes in the sea of quantum numbers, making this the most elementary two-spinon excitation
of the model. The dimensionality of this sector of excitations corresponds to that of two-spinon
states in the spin- 12 case. By means of the Thermodynamic Bethe Ansatz, one can retrieve the
two-spinon dispersion law of Des Cloizeaux-Pearson type (q) = pi2 | sin(q)| [9]. The results from
section 5 will demonstrate that the matrix elements of the two-spinon excitations will provide
for the dominant contribution to the dynamical structure factor.
Higher excitations can be constructed by breaking up an additional two-string. With two
removed two-strings and one rapidity placed at infinity, the remaining three rapidities can either
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be real, or can be used to construct a three-string. For the former, an analysis of the limiting
string quantum numbers shows that there are no quantum numbers available, indicating there
exist no solutions for three real rapiditites completed with two-strings. For the latter, this string
configuration containing a three-string will give rise to four holes in the two-string sea of available
quantum numbers. Therefore the string configuration with the presence of a single three-string
will be one of the available four-spinon excitations.
Continuing to the case with three removed two-strings from the original ground state sea,
there are a number of string configurations possible with the five remaining rapidities. One of
them, with a three-string and two real rapidities completed with a sea of two-strings, gives rise
to four holes in the two-string quantum numbers as well, completing the available types of four-
spinon configurations. These two variations of four-spinon configurations of strings will lead to
the subleading part of the intensity of the transverse dynamical structure factor.
Tables 1 and 2 might straightforwardly be extended by repeating the line of reasoning of
breaking up multiple two-strings from the ground state and placing the rapidities back in various
different string configurations. The limiting string quantum numbers provide for the admissibility
of the constructed state. The described configurations of strings giving rise to the spinon states
in the Babujan-Takhtajan spin-1 chain are consistent with the spinon statistics in spin-s chains
introduced in [36] and furthermore form a quasiparticle basis in the thermodynamic limit.
3 Parametrisation for deviated strings
This section aims to cast the Bethe equations into a numerically solvable set of real equations
describing deviated string solutions. The strategy introduced in [33] for deviated strings in the
spin- 12 Heisenberg model will be applied to the spin-1 Bethe equations. In this strategy, the Bethe
equations are manipulated and rearranged in such a way that they allow for a convergent iterative
numerical solving procedure in order to obtain all string centers and deviations. Our results
stated below will be modifications concerning the spin-1 chain with respect to the equations
obtained in [33].
The most important contributions to the dynamical structure factor will include all two-
spinon and four-spinon matrix elements with respect to the ground state. Therefore, the real
parametrisation of string deviations shall be derived up to solutions containing a single three-
string and an arbitrary number of real rapidities and two-strings.
The two conjugate rapidities building up a deviated two-string can be parametrised as
λ
(2),±
j = λ
(2)
j ±
i
2
(
1 + 2δ
(2)
j
)
(3.1)
where λ
(2)
j , δ
(2)
j ∈ R are respectively the root center and deviation in the imaginary direc-
tion from the non-deviated string solution. Furthermore deviated three-string solutions can
be parametrised as
λ
(3),±
j = λ
(3)
j + 
(3)
j ± i
(
1 + δ
(3)
j
)
(3.2)
λ
(3),0
j = λ
(3)
j (3.3)
where λ
(3)
j , δ
(3)
j , 
(3)
j ∈ R. Here, a deformation (3)j of the real part of the outermost rapidities with
respect to the string center λ
(3)
j must be considered as well, as rapidities are only constrained to
be complex conjugate pairs.
Various expressions for the parameters for deformed string solutions can be extracted by
adding and subtracting logarithmic Bethe equations of two conjugate roots. A careful treatment
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of the branch cuts of the addition of two inverse tangents with complex conjugate arguments is
essential,
arctan(a+ ib) + arctan(a− ib) = ξ(a, 1 + b) + ξ(a, 1− b) (3.4)
where a, b ∈ R and ξ(, δ) is defined as
ξ(, δ) = arctan
( 
δ
)
+ pi Θ(−δ) sign(). (3.5)
The conventions of values of the step functions evaluated at zero are sign(0) = 0 and Θ(0) = 12 ,
where Θ(δ) denotes the Heaviside step function. Another important limit is given by limδ→0 ξ(, δ) =
pi
2 sign().
The final parametrised expression for the Bethe equations of one-string rapidities λ
(1)
j is
obtained by applying equation (3.4) to the scattering terms of a one-string with two conjugate
roots inside a higher string,
arctan
(
λ
(1)
j
)
=
pi
N
J
(1)
j +
1
N
(n=1)∑
k 6=j
arctan
(
λ
(1)
j − λ(1)k
)
+
1
N
(n=2)∑
k
[
ξ
(
λ
(1)
j − λ(2)k ,
3
2
+ δ
(2)
k
)
+ ξ
(
λ
(1)
j − λ(2)k ,
1
2
− δ(2)k
)]
+
1
N
(n=3)∑
k
[
ξ
(
λ
(1)
j − λ(3)k − (3)k , 2 + δ(3)k
)
+ ξ
(
λ
(1)
j − λ(3)k − (3)k ,−δ(3)k
)
+ arctan
(
λ
(1)
j − λ(3)k
)]
. (3.6)
An important step is to link the set of string quantum numbers of the Bethe-Takahashi equations
I
(n)
j to the quantum numbers of the original Bethe equations J
(n)
j used in the parametrisation
for deviated strings. This can in general be done by taking the limit of vanishing deviations
δ, → 0 and inserting the Bethe-Takahashi equations subsequently. In this limit, equation (3.6)
becomes
J
(1)
j = I
(1)
j −
1
2
(n=3)∑
k
sign
(
λ
(1)
j − λ(3)k
)
. (3.7)
In order to obtain an equation for the two-string root center λ
(2)
j , the corresponding logarith-
mic Bethe equations for the two roots inside a two-string must be added properly according to
equation (3.4). This identity is to be applied to both the sum of the free parts of the two Bethe
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equations as well as all the sums over conjugate roots within the scattering parts. The result is
ξ
(
λ
(2)
j ,
3
2
+ δ
(2)
j
)
+ ξ
(
λ
(2)
j ,
1
2
− δ(2)j
)
=
pi
N
(
J
(2)
+ + J
(2)
−
)
+
1
N
(n=1)∑
k
[
ξ
(
λ
(2)
j − λ(1)k ,
3
2
+ δ
(2)
j
)
+ ξ
(
λ
(2)
j − λ(1)k ,
1
2
− δ(2)j
)]
+
1
N
(n=2)∑
k 6=j
[
ξ
(
λ
(2)
j − λ(2)k , δ(2)j + δ(2)k + 2
)
+ ξ
(
λ
(2)
j − λ(2)k ,−δ(2)j − δ(2)k
)
+ ξ
(
λ
(2)
j − λ(2)k , δ(2)j − δ(2)k + 1
)
+ ξ
(
λ
(2)
j − λ(2)k ,−δ(2)j + δ(2)k + 1
)]
+
1
N
(n=3)∑
k
[
ξ
(
λ
(2)
j − λ(3)k ,
3
2
+ δ
(2)
j
)
+ ξ
(
λ
(2)
j − λ(3)k ,
1
2
− δ(2)j
)
+ ξ
(
λ
(2)
j − λ(3)k − (3)k ,
1
2
+ δ
(2)
j − δ(3)k
)
+ ξ
(
λ
(2)
j − λ(3)k − (3)k ,
3
2
− δ(2)j + δ(3)k
)
+ ξ
(
λ
(2)
j − λ(3)k − (3)k ,
5
2
+ δ
(2)
j + δ
(3)
k
)
+ ξ
(
λ
(2)
j − λ(3)k − (3)k ,−
1
2
− δ(2)j − δ(3)k
)]
. (3.8)
The determination of Bethe quantum numbers from string quantum numbers is again to be
derived from the limit with zero deviations and plugging in Bethe-Takahashi equations,
J
(2)
+ + J
(2)
− = I
(2)
j −
1
2
(n=2)∑
k 6=j
sign
(
λ
(2)
j − λ(2)k
)
−
(n=3)∑
k
sign
(
λ
(2)
j − λ(3)k
)
. (3.9)
The equation for two-string deviation δ
(2)
j might be considered by taking the difference be-
tween the Bethe equations of conjugate roots. It is however both equivalent and more convenient
to take the quotient of the original Bethe equations in product form,[
1 + δ
(2)
j
δ
(2)
j
]2
=
 (λ(2)j )2 + (δ(2)j + 2)(δ(2)j + 1) + 14
(λ
(2)
j )
2
+ δ
(2)
j (δ
(2)
j − 1) + 14
N (n=1)∏
k
(δ
(2)
j − 12 )
2
+ (λ
(2)
j − λ(1)k )
2
(δ
(2)
j +
3
2 )
2
+ (λ
(2)
j − λ(1)k )
2
·
(n=2)∏
k 6=j
(δ
(2)
j + δ
(2)
k )
2
+ (λ
(2)
j − λ(2)k )
2
(δ
(2)
j + δ
(2)
k + 2)
2
+ (λ
(2)
j − λ(2)k )
2
(1− δ(2)j + δ(2)k )
2
+ (λ
(2)
j − λ(2)k )
2
(1 + δ
(2)
j − δ(2)k )
2
+ (λ
(2)
j − λ(2)k )
2
·
(n=3)∏
k
( 12 − δ(2)j )
2
+ (λ
(2)
j − λ(3)k )
2
( 32 + δ
(2)
j )
2
+ (λ
(2)
j − λ(3)k )
2
( 12 + δ
(2)
j + δ
(3)
k )
2
+ (λ
(2)
j − λ(3)k − (3)k )
2
( 52 + δ
(2)
j + δ
(3)
k )
2
+ (λ
(2)
j − λ(3)k − (3)k )
2
· (
3
2 − δ(2)j + δ(3)k )
2
+ (λ
(2)
j − λ(3)k − (3)k )
2
( 12 + δ
(2)
j − δ(3)k )
2
+ (λ
(2)
j − λ(3)k − (3)k )
2 . (3.10)
The square on the left-hand side of equation (3.10) leaves the sign of the two-string deviation
undetermined. However, from equation (2.2) where the two-string is not centered at zero,
J
(2)
− − J (2)+ = Θ
(
δ
(2)
j
)
. (3.11)
Together with the link between the string quantum numbers and Bethe quantum numbers for
deviated two-strings in equation (3.9) and the parity of the quantum numbers, the sign of δ
(2)
j can
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be fixed via the Heaviside function in equation (3.11). The correct sequence of the two-strings
with respect to the three-strings is however an unavoidable part of equation (3.9) by the presence
of the step functions. This can be provided by iteratively solving the Bethe-Takahashi equations
for the non-deviated string centers and using the results as initial values for the determination
of the sign of the two-string deviations δ
(2)
j .
For symmetric distributions of string quantum numbers and depending on the parity of these
quantum numbers, multiple strings could be centered at the origin. Therefore we must extend the
reasoning of the determination of the sign of deviations and Bethe quantum numbers described
in the previous paragraph to these cases. For the situations we take under consideration, we
might deal with strings centered at zero for the ground state or two-spinon states.
By the subtraction of Bethe equations of conjugate roots performed to obtain equation (2.2),
we now consider the case where Re λ = 0, implying λ = −λ∗. Still assuming non-coinciding
root centers, the self-scattering term between the conjugate roots again yields a branch cut at
Im λ = 12 , while the subtraction between the free terms yields a branch cut at Im λ = 1 for
the spin-1 chain in particular. It might then be concluded that equation (3.11) safely holds for
two-strings at zero, assuming that |δ(2)j | < 12 . Furthermore, symmetric two-spinon states have
a two-string as well as a real-rapidity centered at zero. In this situation, only the difference
between one-string scattering terms needs to be additionally taken into consideration. This case
only yields extra step behaviour at Im λ = 1, which once more will not provide implications on
the algorithm.
The sum of the Bethe equations for all roots within a three-string yields an expression for
the root center of a three-string λ
(3)
j ,
arctan
(
λ
(3)
j
)
+ ξ
(
λ
(3)
j + 
(3)
j , 2 + δ
(3)
j
)
+ ξ
(
λ
(3)
j + 
(3)
j ,−δ(3)j
)
=
pi
N
(
J
(3)
− + J
(3)
0 + J
(3)
+
)
+
1
N
(n=1)∑
k
[
arctan
(
λ
(3)
j − λ(1)k
)
+ ξ
(
λ
(3)
j + 
(3)
j − λ(1)k , 2 + δ(3)j
)
+ ξ
(
λ
(3)
j + 
(3)
j − λ(1)k ,−δ(3)j
)]
+
1
N
(n=2)∑
k
[
ξ
(
λ
(3)
j − λ(2)k ,
3
2
+ δ
(2)
k
)
+ ξ
(
λ
(3)
j − λ(2)k ,
1
2
− δ(2)k
)
+ ξ
(
λ
(3)
j + 
(3)
j − λ(2)k ,
5
2
+ δ
(3)
j + δ
(2)
k
)
+ ξ
(
λ
(3)
j + 
(3)
j − λ(2)k ,−
1
2
− δ(3)j − δ(2)k
)
+ ξ
(
λ
(3)
j + 
(3)
j − λ(2)k ,
3
2
+ δ
(3)
j − δ(2)k
)
+ ξ
(
λ
(3)
j + 
(3)
j − λ(2)k ,
1
2
− δ(3)j + δ(2)k
)]
. (3.12)
Again taking the limit of vanishing deviations and substituting in the Bethe-Takahashi equations,
we obtain a relation between the three-string quantum numbers,
J
(3)
+ + J
(3)
0 + J
(3)
− = I
(3)
j −
1
2
(n=1)∑
k
sign
(
λ
(3)
j − λ(1)k
)
−
(n=2)∑
k
sign
(
λ
(3)
j − λ(2)k
)
+
N
2
sign
(
λ
(3)
j
)
.
(3.13)
The remaining three-string deviations δ
(3)
j and 
(3)
j can be found in the following way. We
will consider the Bethe equations of the outermost complex conjugate roots of the three-string.
The quotient of the corresponding Bethe equations results in the modulus squared of δ
(3)
j and

(3)
j , while the sum of the logarithmic Bethe equations yields the argument. The quotient of the
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Bethe equations for λ
(3),+
j and λ
(3),−
j is
(δ
(3)
j )
2
+ (
(3)
j )
2
= (rj)
2
=
[
(2 + δ
(3)
j )
2
+ (
(3)
j )
2] [3 + 2δ(3)j
1 + 2δ
(3)
j
]2  (λ(3)j + (3)j )2 + (δ(3)j )2
(λ
(3)
j + 
(3)
j )
2
+ (2 + δ
(3)
j )
2
N
·
(n=1)∏
k
(λ
(3)
j + 
(3)
j − λ(1)k )
2
+ (2 + δ
(3)
j )
2
(λ
(3)
j + 
(3)
j − λ(1)k )
2
+ (δ
(3)
j )
2
·
(n=2)∏
k
(λ
(3)
j + 
(3)
j − λ(2)k )
2
+ ( 52 + δ
(3)
j + δ
(2)
k )
2
(λ
(3)
j + 
(3)
j − λ(2)k )
2
+ ( 12 + δ
(3)
j + δ
(2)
k )
2
(λ
(3)
j + 
(3)
j − λ(2)k )
2
+ ( 32 + δ
(3)
j − δ(2)k )
2
(λ
(3)
j + 
(3)
j − λ(2)k )
2
+ ( 12 − δ(3)j + δ(2)k )
2 ,
(3.14)
while the sum of the logarithmic Bethe equations of λ
(3),+
j and λ
(3),−
j results in
ξ
(

(3)
j ,−δ(3)j
)
= θj = −ξ
(

(3)
j , 2 + δ
(3)
j
)
− pi
(
J
(3)
+ + J
(3)
−
)
+N
[
ξ
(
λ
(3)
j + 
(3)
j , 2 + δ
(3)
j
)
+ ξ
(
λ
(3)
j + 
(3)
j ,−δ(3)j )
]
−
(n=1)∑
k
[
ξ
(
λ
(3)
j + 
(3)
j − λ(1)k , 2 + δ(3)j
)
+ ξ
(
λ
(3)
j + 
(3)
j − λ(1)k ,−δ(3)j
)]
−
(n=2)∑
k
[
ξ
(
λ
(3)
j + 
(3)
j − λ(2)k ,
5
2
+ δ
(3)
j + δ
(2)
k
)
+ ξ
(
λ
(3)
j + 
(3)
j − λ(2)k ,−
1
2
− δ(3)j − δ(2)k
)
+ ξ
(
λ
(3)
j + 
(3)
j − λ(2)k ,
3
2
+ δ
(3)
j − δ(2)k
)
+ ξ
(
λ
(3)
j + 
(3)
j − λ(2)k ,
1
2
− δ(3)j + δ(2)k
)]
. (3.15)
The values for the three-string deviations are instantly extracted from the modulus and argument
δ
(3)
j = −|rj | cos θj (3.16)

(3)
j = |rj | sin θj (3.17)
At this moment, the sum J
(3)
+ + J
(3)
− appearing in equation (3.15) remains undetermined.
However, while the parity of the quantum numbers is already known, equation (2.2) yields
J
(3)
− − J (3)+ = 1 provided that δ(3)j > − 12 and λ(3)j 6= 0. The former and the latter property fixes
the evenness or oddness of J
(3)
+ + J
(3)
− , while the argument is defined modulo 2pi. It is therefore
sufficient to only determine whether the sum of the two quantum numbers is even or odd.
Special attention needs to be given to the behaviour of the deviations of three-strings for
symmetric distributions of all string quantum numbers. We focus merely on the states containing
one three-string at most as they are of interest for the four-spinon states. For a three-string
centered at zero and a symmetric distribution of the remaining quantum numbers of other strings,
the deviation along the real axis 
(3)
j must vanish due to the symmetry, while equation (3.14)
allows δ
(3)
j = 0 simultaneously. In this case the Bethe equations for the three-string become
singular. The existence of such singular solutions is similar to the spin- 12 case, where the Bethe
equations however become singular at λ = ± 12 i. It has been argued analytically [33] that the
matrix elements of singular states must vanish. Our spin-1 results will provide numerical evidence
for this statement.
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Away from the singular solution at zero root center, but still for small deviations, (rj)
2
in
equation (3.14) becomes exponentially small in system size. This scaling implies that for small
root centers, three-string deviations are exponentially suppressed with system size. For root
centers far away from zero, the three-string deviations remain large. The size of the deviations
will yield numerical problems in the evaluation of the matrix elements exponentially close to the
singularities. In general this difficulty is overcome in the spin- 12 case by regularising the matrix
element expressions. With large two-string deviations and either small or large three-string
deviations within a Bethe state, the regularisation of the different behaviour for the strings in
this case needs to be treated with special attention in section 4.
Another special class of solutions emerges among the two-spinon excitations in the S = 0
subsector. A symmetric distribution of quantum numbers in this case with a three-string and a
single one-string located at zero, provides a problem for the singular three-string solution at zero.
Coinciding rapitidies in general lead to vanishing Bethe vectors, but whenever different string
quantum numbers coincide at zero, string deviations usually regularise these cases. However,
in this case the three-string deviations vanish, and the one-string and real rapidity from the
three-string coincide, forming an exceptional solution to the Bethe equations. It has been argued
that this class of solutions, however, yields a non-zero Bethe vector [37]. We will again provide
numerical evidence that the matrix elements of these exceptional singular states vanish.
At this stage, all required initial conditions for a convergent algorithm on the Bethe equations
including string deviations are set. The Bethe equations are parametrised for string centers and
deviations in such a way that they are amenable to an iterative algorithm. The numerical strategy
might be summarised as follows. We start off with a state defined from the Bethe-Takahashi
string quantum numbers, which form the starting position to solve the Bethe-Takahashi equations
iteratively. These non-deviated string solutions set the initial conditions and the signs of the
two-string deviations for the succeeding iterative procedure, where the full parametrisation of
the Bethe equations in terms of string centers and deviations is to be solved.
The results of the iterative procedure might be compared to previous analytic predictions
for the two-string deviations in the ground state. The first available analytical method is based
on an adaptation of the Euler-Maclaurin formula applied to the Thermodynamic Bethe Ansatz
for spin-1 [28], while the second method is a result of nonlinear integral equations for the spin-1
ground state [29]. Both approaches give an identical prediction up to order 1/N for the two-string
deviations of the ground state as a function of the string center λ,
δGS(λ) =
ln 2
4pi
1
Nσ(λ)
=
ln 2
2piN
cosh(piλ) (3.18)
where σ(λ) is the density of two-strings in the thermodynamic limit.
Figure 1 (left) shows the results on deviations of the innermost and outermost two-string as
a function of system size. For the innermost two-string, the data reflects the 1/N behaviour
of the deviations. However, the outermost two-strings show persistingly constant deviations at
δ = 0.0466 independent of system size. This constant deviation corresponds to the value found
in [38].
Figure 1 (right) makes a relative comparison between the ground state deviations obtained
by our numerical method and equation (3.18) as a function of the root center λ for fixed system
size. Only the bulk of the two-strings shows a good equivalence to equation (3.18), however there
still remains a significant difference.
For short chains, rapidities of all states including string deviations are stated in appendix B
as a result of the numerical method described in this section. For the energies of all the Bethe
states, we find perfect agreement with exact diagonalisation of the Hamiltonian for small system
sizes. For larger system sizes, the algorithm described throughout this section enables us to solve
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Figure 1: Left: Two-string deviations for the ground state for the innermost (δmin) and out-
ermost (δmax) two-string respectively, obtained by the iterative procedure on string
deviations. The solid line corresponds to δGS(λ)|λ=0 from equation (3.18). Right: Rel-
ative comparison of two-string deviations between results from numerics and analytic
predictions.
the Bethe equations for the complete spectrum of two-spinon and four-spinon states. These
results will be used in the computation of the dynamical structure factor in section 5.
4 Matrix elements
Our method relies on the matrix element expressions for higher spin chains obtained in [32],
which is based on a combination of the fusion of R-matrices, the inverse scattering method and
Slavnov’s theorem [3,4]. We will adapt the result for general spin-s chains to a formula applicable
to our numerical procedure and set some conventions and notations along the way, to obtain an
expression for the matrix elements |F aq |2 = |〈GS|Saq |α〉|2 in equation (1.6) for a = ±, z.
From [32] we have for the transverse matrix elements
F+j ({λ}, {µ}) = 〈ψ({λ})|S+j |ψ({µ})〉 (4.1)
=
ϕj−1({λ})ϕj({λ})
ϕj({µ})ϕj−1({µ})F
−
j ({µ}, {λ}) (4.2)
=
ϕj−1({λ})
ϕj−1({µ})
∏l+1
k (µk − sjη)∏l
k(λk − sjη)
det C∏
i<j(µj − µi)
∏
i<j(λi − λj)
(4.3)
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where
Cab = Hab({µ}, {λ}) for b 6= l + 1 (4.4)
Ca,l+1 = −i∂µapsj (µa) (4.5)
p(sj)(λ) = i log
[
λ− sjη
λ+ sjη
]
(4.6)
Hab =
η
µa − λb
∏
j 6=a
(µj − λb + η)− d(λb)
∏
j 6=a
(µj − λb − η)
 (4.7)
d(λ) =
∏
j
λ− sjη
λ+ sjη
. (4.8)
Furthermore, as the Bethe states are not normalised, we need to divide by the norms of
|ψ({λ})〉 and |ψ({µ})〉, which are given by the Gaudin determinant,
〈ψ({λ})|ψ({λ})〉 = ηl
∏
a6=b
λa − λb + η
λa − λb det Φ({λ}) (4.9)
Φab({λ}) = δab
N∂λaθ2(λa)−∑
k 6=a
∂λaθ2(λa − λk)

+ (1− δab)∂λaθ2(λa − λb). (4.10)
We will adopt conventions η = i, M = l + 1, ϕj({λ}) = e−iPλj and define φn(λ) = λ + in2 . In
order to obtain the final result we take the Fourier transform Saq =
1√
N
∑N
j=1 e
iqjSaj . The matrix
elements of the Fourier transformed operators are
|F−q |2 = Nδq,qλ−qµ
M∏
j=1
|φ−2(µj)|2
M−1∏
j=1
|φ−2(λj)|−2
j 6=k∏
j,k
|φ2(µj − µk)|−1
·
j 6=k∏
j,k
|φ2(λj − λk)|−1 |detH
−({µ}, {λ})|2
||{µ}|| ||{λ}|| . (4.11)
where
||{λ}|| = |det Φab({λ})| (4.12)
H−ab({µ}, {λ}) =

Hab({µ}, {λ}) for b < M
2
φ2(µa)φ−2(µa)
for b = M
(4.13)
Hab({µ}, {λ}) = 1
φ0(µa − λb)
∏
j 6=a
φ2(µj − λb)−
[
φ−2(λb)
φ2(λb)
]N ∏
j 6=a
φ−2(µj − λb)
 . (4.14)
The result for longitudinal matrix elements for chains of spin-s is [32]
F zj ({λ}, {µ}) =
ϕj({λ})
ϕj({µ})
sj detH −
∑l
p=1
∏l
k=1(λk − λp + η) detZ∏
j<j(µi − µj)(λj − λi)
(4.15)
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where
Z(p)ab = Hab({µ}, {λ}) for b 6= p (4.16)
Z(p)ap = −i∂ap(sj)(µa)
l∏
k=1
µk + sjη
λk + sjη
. (4.17)
Taking the Fourier transform and dividing by the norms of the Bethe states, the expression for
the matrix elements ready to be used in computations for the spin-1 case becomes
|F zq |2 = Nδq,qλ−qµ
j 6=k∏
j,k
|φ2(µj − µk)|−1
j 6=k∏
j,k
|φ2(λj − λk)|−1
· |detH({λ}, {µ})−
∑M
p
∏M
k φ2(λk − λp) detZ(p)|2
||{µ}|| ||{λ}|| (4.18)
where
Z(p)ab = Hab({µ}, {λ}) for b 6= p (4.19)
Z(p)ap =
2
φ2(µa)φ−2(µa)
l∏
k=1
φ2(µk)
φ2(λk)
. (4.20)
For the spin-1 chain as elaborated in section 3, we encounter Bethe states with exponentially
small deviations for the three-string, while the remaining two-strings still have fairly large de-
viations. A straightforward generalisation of the reduced determinants for the spin- 12 chain [31]
is not sufficient, as the effect of the remaining important deviations would be neglected. We
aim to remove singularities from the determinants and prefactors present in the matrix element
expressions, while keeping track of the effect of the algebraically large deviations.
The singularities present in the norm of the Bethe states can be extracted from the Gaudin
determinant as follows. The Gaudin matrix can be written as
Φab = δab
da −∑
k 6=a
oak
+ (1− δab)oab (4.21)
where
da = N∂λaθ2(λa) (4.22)
oab = ∂λaθ2(λa − λb). (4.23)
The scattering terms of adjacent roots inside a string will cause the divergences
oa,a+1 = (δa+1 − δa)−1 +O(1). (4.24)
We will consider the general case, where we perform the reduction of a single n-string, while
keeping the other string deviations finite. The first step is to add the first n − 1 rows to the
nth row and then add the first n − 1 columns of the resulting matrix to the nth column. The
internal scattering terms within the string will cancel by performing the additions and therefore
the divergent oa,a+1 terms are not present in the n
th row and column. The determinant will not
change under this addition. The nth-row and column are now given by
Φan = Φna =

da −
∑M
k=n+1 oak for a < n∑n
l=1
[
dl −
∑M
k=n+1 olk
]
for a = n∑n
l=1 oal for a > n.
(4.25)
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The first (n − 1) x (n − 1) block of the Gaudin matrix up to leading order only contains the
divergent self-scattering terms
det Φs0 =
n−1∏
a
(δa+1 − δa)−1. (4.26)
The reduced Gaudin determinant is given by the remaining entries after cutting off the first n−1
rows and columns
Φrab =
(∑n
l=1
[
dl −
∑M
k=n+1 olk
] ∑n
l=1 olb∑n
l=1 oal Φ˜ab
)
. (4.27)
Using the same logic as in the derivation of the Bethe-Takahashi equations in section 2,
n∑
l=1
[
dl −
M∑
k=n+1
olk
]
= N∂αn(θn−1(αn) + θn+1(αn))−
n∑
l=1
M∑
k=n+1
∂λlθ2(λl − λk) (4.28)
where αn is the root center of the string and λj are taken as the rapidities inside the n-string
with zero deviations. This situation assumed the presence of only one reduced string with
exponentially small deviations, but it can easily be extended to multiple reduced strings. The
scattering terms between two reduced strings must then be replaced by their Bethe-Takahashi
equivalents Θnm(α
n
j − αmk ). The remaining rapidities outside the reduced n-string can still be
entered in this expression including their string deviations. The divergences of the n-string with
exponentially vanishing deviations are now extracted from the determinant using the explained
reduction,
det Φ = det Φr
n−1∏
a
(δa+1 − δa)−1. (4.29)
The divergent product will cancel against the divergences in the products present in the prefactors
of the matrix elements.
The H-determinant becomes indeterminate, as columns become equal to leading order as
deviations get exponentially close to zero. A similar rearrangement must be applied to these
determinants as well:
Hab({µ}, {λ}) = 1
φ0(µa − λb)
∏
j 6=a
φ2(µj − λb)−
[
φ−2(λb)
φ2(λb)
]N ∏
j 6=a
φ−2(µj − λb)
 (4.30)
=
1
φ0(µa − λb)
∏
j 6=a
φ2(µj − λb) +
∏
k
φ−2(λb − λk)
φ2(λb − λk)
∏
j 6=a
φ−2(µj − λb)
 (4.31)
= K+abG
+
b +K
−
abG
−
b
F˜−b
F˜+b
(4.32)
where
K±ab = φ
−1
0 (µa − λb)φ−1±2(µa − λb) (4.33)
Gcb =
∏
k
φ2c(µk − λb) (4.34)
F˜ cb =
∏
k
φ2c(λb − λk) (4.35)
F cb =
∏
k 6=b−c
φ2c(λb − λk). (4.36)
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By substituting the Bethe equations in equation (4.30), the expression for H is now identical to
that in the spin 1/2 case. The derivation of the reduced H-matrix goes along exactly the same
lines [31],
Hrab = K
−
ab if b < n (4.37)
Hran =
F 00F 11
G0n
n∏
j=2
G0j
 G0bG0b+1
F 0b F
0
b+1
[
(δb0 + δbn − 1)Lab + (δb0 + δbn)K−ab
]
(4.38)
where Lab = ∂µK
−
ab. The other columns of the H-matrix remain unchanged for strings with finite
deviations. The rapidities of the reduced strings are simply the rapidities of the non-deviated
string. In the presence of a single reduced n-string:
Hrab =

K−ab if b < n
Hran if b = n
Hab otherwise.
(4.39)
For H−-matrix for spin-1, the last column remains unchanged as well,
H−,rab =
{
Hrab if b < M
2φ−11 (µa)φ
−1
−1(µa) if b = M.
(4.40)
The reduction of single three-strings while keeping the remaining two-string deviations finite is
to be applied to the cases where the deviations become close to the divergences in the scattering
terms. In the corresponding matrix elements, the determinants should be replaced by their
reduced versions, and the divergent prefactors arising from scattering terms between adjacent
roots inside a reduced string should be left out.
Finally, for finite field it is important to consider the contribution of matrix elements of lower-
weight states. Highest-weight states are the Bethe states with only finite rapidities, the total
spin raising operator S+0 then annihilating the state. Lower-weight states can be constructed
by acting with the total spin-lowering operator S−0 on a highest weight state, in other words by
adding an infinite rapidity, |{λ,∞}〉 ∝ S−0 |{λ}〉. The matrix elements of the corresponding lower
weight states are [39]
F aq ({µ}, {λ,∞}) =
〈{µ}|[Saq , S−0 ]|{λ}〉√
〈{µ}|{µ}〉〈{λ}|S+0 S−0 |{λ}〉
. (4.41)
For a highest-weight state, 〈S+0 S−0 〉 = 2〈Szav〉. The average magnetisation for the spin-1 chain
is 〈Szav〉 = 1N (N −M). The commutators are equal to [S+q , S−0 ] = 2√N Szq , [Szq , S
−
0 ] = − 1√N S−q
and [S−q , S
−
0 ] = 0. Concluding, for a lower weight state with one infinite rapidity, the following
relations hold
|F+q ({µ}M , {λ,∞}M+1)|2 =
2|F zq ({µ}, {λ})|2
N −M , (4.42)
|F zq ({µ}M , {λ,∞}M )|2 =
|F−q ({µ}, {λ})|2
2(N − (M − 1)) , (4.43)
|F−q ({µ}M , {λ,∞}M−1)|2 = 0. (4.44)
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For a lower weight state with two infinite rapidities, the norm becomes 〈{λ}|S+0 S+0 S−0 S−0 |{λ}〉.
Commuting S+0 through twice and realising that we act on a highest weight state gives
〈{λ}|S+0 S+0 S−0 S−0 |{λ}〉 = 〈{λ}|(8SzavSzav −
4
N
Szav)|{λ}〉
=
8
N2
(N −Mλ)
(
N −Mλ − 1
2
)
〈{λ}|{λ}〉. (4.45)
The only nonvanishing matrix element for a state containing two infinite rapidities is F+, where
the corresponding highest weight state is in the subsector of F−, such that Mλ = Mµ − 1.
|F+q ({µ}M , {λ,∞,∞}M+1)|2 =
4
N2 |F−q ({µ}, {λ})|2
8
N2 (N −Mλ)
(
N −Mλ − 12
)
=
|F−q ({µ}, {λ})|2
2 (N −Mµ + 1)
(
N −Mµ + 12
) (4.46)
The results imply that the S−+ structure factor only contains contributions from highest-
weight states, while the Szz structure factor contains contributions from highest-weight states
and states containing one infinite rapidity, and the S+− structure factor contains contributions
from highest-weight states, states containing one infinite rapidity and states containing two
infinite rapidities.
5 Dynamical structure factor
The results of the main computation on the dynamical structure factor for the Babujan-Takhtajan
spin-1 chain defined in equation (1.5) will be given in this section. We restrict to the case of zero
temperature. The sum over the matrix elements runs only over a selected part of the Hilbert
space, containing specifically all two-spinon and four-spinon contributions. The ground state is
excluded from the sum as we take the connected correlation function.
The sum of all included matrix element contributions irrespective of the their energy and
momentum provides a quantitative measure of the quality of the computed dynamical structure
factors. A comparison with an analytic expression for the integrated density of the dynamical
structure factor in equation (1.5) yields a saturation value for the sum rule of the corresponding
computation,
taa¯ ≡
∫ ∞
−∞
dω
2pi
1
N
∑
q
Saa¯(q, ω) = 〈SaSa¯〉c. (5.1)
For the various structure factors the integrated densities are t±∓ = 〈S±S∓〉 and tzz = 〈SzSz〉 −
〈Sz〉2. In the spin-1 representation of local spin matrices S−S+ = 2 − SzSz − Sz holds, from
which follows
t±∓ = 2− tzz − 〈Sz〉2 ± 〈Sz〉. (5.2)
Unfortunately, it is not possible to derive sum rules for each structure factor independently
from each other in finite field. However, for zero field simplifications can be made. Due to
the spin rotational symmetry, the structure factors in the transverse and longitudinal direction
become equal up to a factor of two, tzz = 12 t
−+, such that
t−+ = t+− =
4
3
, tzz =
2
3
. (5.3)
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Figure 2: Transverse dynamical structure factor of the Babujan-Takhtajan spin-1 chain at N =
200, including two-spinon and four-spinon contributions, with a sum rule saturation of
99.16%.
When including all states including all string deviations, the sum of all matrix elements must
be exactly equal to sum rule (5.3). We solve the Bethe states up to arbitrary high precision
including all string deviations, while determinants of the matrix elements will be computed to
the same high precision as well. Herefore we make use of the arbitrary precision computation
library ARPREC [40]. The saturation for the matrix element contributions of several types of
Bethe states have been computed for small system sizes, for zero field as well as finite field.
For the latter, matrix element contributions for both the longitudinal and transverse dynamical
structure factor have been computed, while matrix element contributions from lower weight
states must be included as well. In both cases, we saturate the available sum rules to exactly
100% up to arbitrary precision making use of the ARPREC algorithm. In appendix A we state
our sum rule saturation results up to 64 digits for 4 and 6 lattice sites. Without the correct
treatment of string deviations, this exact saturation would not have been possible. The exact
sum rule saturation of our computations completes a consistency check on the algorithm.
Furthermore, we provide numerical evidence for the statement that matrix elements of singu-
lar pair states vanish [33]. We saturate the sum rule to identically one, where all matrix elements
of singular pair states were not taken into account, implying that their contributions must vanish
identically. By the same token, we can imply that matrix elements of exceptional solutions to
the Bethe equations for spin-1 vanish as well.
We continue by computing the dynamical structure factor for larger system sizes. We restrict
to zero field, where only the transverse dynamical structure factor is relevant. It is not possible to
include all states anymore as the Hilbert space becomes exponentially large, so we restrict to the
spinon states described in table 1. For exponentially small deviations close to the divergencies
in the matrix element expressions, reduced expressions must be used. Only if the three-string
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Figure 3: Four-spinon contributions to the transverse dynamical structure factor at N = 200.
Left: two-strings and a single three-string. The sum rule contribution is 2.80%. Right:
two-strings, a single three-string and two one-strings (real rapidities). The sum rule
contribution is 6.47%.
deviations become smaller than O(10−8), we put the deviation to zero and use the reduced
formalism. The algorithm keeps track of the remaining two-string deviations at all times.
To be able to represent the dynamical structure factor in graphics, the delta functions need
to be smoothened by Gaussians,
δ(ω − ωα) = 1√
pi
e−(ω−ωα)
2/2 (5.4)
where the value of the width  is of order 1/N . Figure 2 shows the transverse dynamical structure
factor for a system size of 200 sites. At this system size, the sum rule contribution of the two-
spinon states containing two-strings and a single real rapidity is 89.88%.
The two different types of four-spinon contributions are shown separately in figure 3 and yield
a sum rule contribution of 2.80% and 6.47% respectively. The total sum rule saturation of the
computation is 99.16%.
Figure 4 shows fixed momentum cuts of the dynamical structure factor, where the data is
being compared to ABACUS [30, 31] results for the spin- 12 case. Due to a lower integrated
density, it is obvious that the spin- 12 dynamical structure factor is smaller than the spin-1 data
at all momenta and energies. Therefore, to be able to make a comparison of the shape of the
correlations, we normalise the spin- 12 dynamical structure factor to the spin-1 sum rule. At small
momenta, the normalised spin- 12 correlations are above the spin-1 data, while with increased
momenta towards q = pi, the spin-1 correlations are higher near the lower boundaries of the
spectrum. The correlation remains below the normalised spin- 12 correlations at higher energies.
At q = pi, we show a cumulative plot of the matrix elements for states with the smallest
energies in figure 4. Again, the spin-1 dynamical structure factor is higher close to the lower
boundary, while it lies below the normalised spin- 12 dynamical structure factor at higher energies.
The real space-time dependent correlation function can be obtained by inverse Fourier trans-
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Figure 4: Fixed momentum cuts of the transverse dynamical structure factor at N = 200 for
spin-1 (sum rule saturation 99.16%), spin- 12 (sum rule saturation 99.24%) and spin-
1
2
normalised to the spin-1 sum rule. Inset: SInt =
∫ ω
0
dω′S(k, ω′) = 2pi
∑
ωα<ω
|Fα|2.
forming the results,
〈Saj (t)Sa¯0 (0)〉 =
1
N
∑
α
|F aqα |2e−iqαj−iωαt (5.5)
and is plotted in figure 5. We compare our results at equal time to the predictions on the
asymptotics from the continuum limit described by conformal field theory. The integrable chains
of spin-s have a critical low-energy sector [14,15,18,41–45] described by the SU(2) level 2s Wess-
Zumino-Novikov-Witten models [46]. Under non-Abelian bosonization, the spin-spin correlations
are asymptotically given by those of the fundamental WZNW primary fields, this leading to the
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prediction that in an infinite system, the dominant antiferromagnetic correlations decay as a
power law
〈Saj Sa¯0 〉 ∼
(−1)j
|j|2∆ , (5.6)
in which the scaling dimension ∆ = h+h¯ can be obtained from the primary field scaling dimension
for a general SU(n) level k WZW model [46],
h = h¯ =
n2 − 1
2n(n+ k)
. (5.7)
Substituting the values for level k = 2 and performing a conformal mapping to finite size so
that the distance function becomes j → Npi sin(j piN ), the conformal field theory prediction for the
asymptotics of the correlations of the Babujan-Takhtajan chain is thus
〈Saj Sa¯0 〉 ∼ (−1)j
[
N
pi
sin
(
j
pi
N
)]− 34
, (5.8)
up to a non-universal prefactor and subleading corrections. We plot our results against this
prediction in figure 5, where the pre factor has been used as the only fitting parameter. For
comparison, we also give the corresponding fits for the spin-1/2 case. As is clearly seen, the
agreement is excellent over all distances but the very smallest.
Figure 5: Equal time spin-spin correlation at N = 200 with sum rule saturation 99.16% for
spin-1, compared to the prediction from the SU(2) level 2 WZW-model. The prefactor
has been used as fitting parameter only. The same comparison is shown for spin- 12
data from ABACUS at N = 200 (sum rule saturation 99.24%) and the SU(2) level 1
WZW-model.
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6 Conclusions
The dynamical structure factor of the Babujan-Takhtajan spin-1 chain has been computed nu-
merically at zero field and zero temperature. Correct treatment of the string deviations makes
it possible to obtain the roots of the Bethe equations up to high precision. Two-spinon and
four-spinon Bethe states have been constructed by perturbing the sea of two-strings from the
ground state with one-strings and three-string respectively. The matrix elements of these states
are shown to provide over 99% of all contributions to the dynamical structure factor at N = 200.
Our work for the dynamical structure factor of the spin-1 Babujan-Takhtajan chain could
be extended to finite magnetic field, by summing over the matrix elements of the important
contributing Bethe states. Another interesting possibility would be to compute two-spinon con-
tributions in the thermodynamic limit directly from the isotropic limit of results from the vertex
operator approach [47–49]. The anisotropic case of the spin-1 chain [50, 51] might provide av-
enues for further extensions. Moreover, due to the existence of matrix element expressions for
chains of arbitrary spins at each lattice site, generalisation of our method to mixed, alternating
or impurity spin chains would be within reach as well.
Acknowledgements
We thank M. Brockmann, H. Konno, R. Weston and J. Willetts for useful discussions. The
authors acknowledge support from the Dutch Foundation for Fundamental Research on Mat-
ter (FOM) and from the Netherlands Organisation for Scientific Research (NWO). We thank
SURFsara for the support in using the Lisa Compute Cluster for our computations.
References
[1] H. Bethe. Zur Theorie der Metalle. i. Eigenwerte und Eigenfunktionen der linearen Atom-
kette. Zeit. fu¨r Physik, 71:205, 1931.
[2] V. E. Korepin, N. M. Bogoliubov, and A. G. Izergin. Quantum Inverse Scattering Method
and Correlation Functions. Cambridge Univ. Press, 1993.
[3] N. A. Slavnov. Calculation of scalar products of wave functions and form factors in the
framework of the algebraic Bethe Ansatz. Theor. Math. Phys., 79:502, 1989.
[4] N. A. Slavnov. Nonequal-time current correlation function in a one-dimensional bose gas.
Theor. Math. Phys., 82:273, 1990.
[5] N. Kitanine, J. M. Maillet, and V. Terras. Form factors of the XXZ Heisenberg finite chain.
Nucl. Phys. B, 554(3):647 – 678, 1999.
[6] M. Mourigal, M. Enderle, A. Klo¨pperpieper, J.-S. Caux, A. Stunault, and H. M. Rønnow.
Fractional spinon excitations in the quantum heisenberg antiferromagnetic chain. Nat. Phys.,
9(7):435 – 441, 2013.
[7] B. Lake, D. A. Tennant, J.-S. Caux, T. Barthel, U. Schollwo¨ck, S. E. Nagler, and C. D.
Frost. Multispinon Continua at Zero and Finite Temperature in a Near-Ideal Heisenberg
Chain. Phys. Rev. Lett., 111:137205, 2013.
[8] P. Kulish, N. Reshetikhin, and E. Sklyanin. Yang-Baxter equation and representation theory:
I. Lett. Math. Phys., 5:393–403, 1981.
24
[9] L.A. Takhtajan. The picture of low-lying excitations in the isotropic Heisenberg chain of
arbitrary spins. Phys. Lett. A, 87(9):479 – 482, 1982.
[10] H.M. Babujan. Exact solution of the one-dimensional isotropic Heisenberg chain with arbi-
trary spins S. Phys. Lett. A, 90(9):479 – 482, 1982.
[11] H.M. Babujan. Exact solution of the isotropic Heisenberg chain with arbitrary spins: Ther-
modynamics of the model. Nucl. Phys. B, 215(3):317 – 336, 1983.
[12] F. D. M. Haldane. Nonlinear Field Theory of Large-Spin Heisenberg Antiferromagnets:
Semiclassically Quantized Solitons of the One-Dimensional Easy-Axis Ne´el State. Phys.
Rev. Lett., 50(15):1153–1156, 1983.
[13] F.D.M. Haldane. Continuum dynamics of the 1-D Heisenberg antiferromagnet: Identification
with the O(3) nonlinear sigma model. Phys. Lett. A, 93(9):464 – 468, 1983.
[14] I. Affleck. Exact critical exponents for quantum spin chains, non-linear σ-models at θ = pi
and the quantum Hall effect. Nucl. Phys. B, 265(3):409 – 447, 1986.
[15] J. So´lyom. Competing bilinear and biquadratic exchange couplings in spin-1 Heisenberg
chains. Phys. Rev. B, 36:8642–8648, 1987.
[16] S. R. Manmana, A. M. La¨uchli, F. H. L. Essler, and F. Mila. Phase diagram and continuous
pair-unbinding transition of the bilinear-biquadratic S = 1 Heisenberg chain in a magnetic
field. Phys. Rev. B, 83:184433, 2011.
[17] I. Affleck, T. Kennedy, E. H. Lieb, and H. Tasaki. Rigorous results on valence-bond ground
states in antiferromagnets. Phys. Rev. Lett., 59:799–802, 1987.
[18] I. Affleck, T. Kennedy, E. H. Lieb, and H. Tasaki. Valence bond ground states in isotropic
quantum antiferromagnets. Commun. Math. Phys., 115(3):477–528, 1988.
[19] G.V. Uimin. One-dimensional Problem for S = 1 with Modified Antiferromagnetic Hamil-
tonian. JETP Lett., 12:225, 1970.
[20] C. K. Lai. Lattice gas with nearest-neighbor interaction in one dimension with arbitrary
statistics. J. Math. Phys., 15(10):1675–1676, 1974.
[21] B. Sutherland. Model for a multicomponent quantum system. Phys. Rev. B, 12(9):3795–
3805, 1975.
[22] S. Belliard, S. Pakuliak, E. Ragoucy, and N. A. Slavnov. The algebraic Bethe ansatz
for scalar products in SU (3)-invariant integrable models. J. Stat. Mech.: Th. Exp.,
2012(10):P10017, 2012.
[23] E. Ragoucy N. Crampe´ and L. Alonzi. Coordinate Bethe Ansatz for Spin s XXX Model.
SIGMA, 7:006, 2011.
[24] N Kitanine. Correlation functions of the higher spin xxx chains. Journal of Physics A:
Mathematical and General, 34(39):8151–8169, 2001.
[25] T. Deguchi and C. Matsui. Correlation functions of the integrable higher-spin XXX and
XXZ spin chains through the fusion method. Nucl. Phys. B, 831(3):359 – 407, 2010.
[26] F. Go¨hmann, A. Seel, and J. Suzuki. Correlation functions of the integrable isotropic spin-1
chain at finite temperature. J. Stat. Mech.: Th. Exp., 2010(11):P11011, 2010.
25
[27] A. A. Vladimirov. Proof of the invariance of the Bethe-ansatz solutions under complex
conjugation. Theor. Math. Phys., 66:102–105, 1986.
[28] H. J. de Vega and F. Woynarovich. Solution of the Bethe Ansatz equations with complex
roots for finite size: the spin S = 1 isotropic and anisotropic chains. J. Phys. A: Math.
Gen., 23(9):1613, 1990.
[29] A. Klu¨mper and M. T. Batchelor. An analytic treatment of finite-size corrections in the
spin-1 antiferromagnetic XXZ chain. J. Phys. A: Math. Gen., 23(5):L189, 1990.
[30] J.-S. Caux and J. M. Maillet. Computation of Dynamical Correlation Functions of Heisen-
berg Chains in a Magnetic Field. Phys. Rev. Lett., 95(7):077201, 2005.
[31] J.-S. Caux, R. Hagemans, and J. M. Maillet. Computation of dynamical correlation func-
tions of Heisenberg chains: the gapless anisotropic regime. J. Stat. Mech.: Th. Exp.,
2005(09):P09003, 2005.
[32] O. A. Castro-Alvaredo and J. M. Maillet. Form factors of integrable Heisenberg (higher)
spin chains. J. Phys. A: Math. Theor., 40(27):7451, 2007.
[33] R. Hagemans and J.-S. Caux. Deformed strings in the Heisenberg model. J. Phys. A: Math.
Theor., 40(49):14605, 2007.
[34] M. Takahashi and M. Suzuki. One-Dimensional Anisotropic Heisenberg Model at Finite
Temperatures. Prog. Theor. Phys., 48(6):2187–2209, 1972.
[35] L.D. Faddeev and L.A. Takhtajan. Spectrum and scattering of excitations in the one-
dimensional isotropic Heisenberg model. J. Sov. Math., 24(2):241–267, 1984.
[36] H. Frahm and M. Stahlsmeier. Spinon statistics in integrable spin-S Heisenberg chains.
Phys. Lett. A, 250(4-6):293 – 299, 1998.
[37] L. V. Avdeev and A. A. Vladimirov. Exceptional solutions to the Bethe ansatz equations.
Theor. Math. Phys., 69:1071–1079, 1986.
[38] L. V. Avdeev and B. D. Do¨rfel. Solutions of the Bethe ansatz equations for XXX anti-
ferromagnet of arbitrary spin in the case of a finite number of sites. Theor. Math. Phys.,
71:528–542, 1987.
[39] Gerhard Mu¨ller, Harry Thomas, Hans Beck, and Jill C. Bonner. Quantum spin dynamics
of the antiferromagnetic linear chain in zero and nonzero magnetic field. Phys. Rev. B,
24(3):1429–1467, 1981.
[40] D.H. Bailey, Y. Hida, X.S. Li, and B. Thompson. ARPREC: An Arbitrary Precision Com-
putation Package. 2002.
[41] I. Affleck. Universal term in the free energy at a critical point and the conformal anomaly.
Phys. Rev. Lett., 56:746–748, 1986.
[42] I. Affleck and F. D. M. Haldane. Critical theory of quantum spin chains. Phys. Rev. B,
36:5291–5300, 1987.
[43] F. C. Alcaraz and M. J. Martins. Conformal anomaly and critical exponents of the spin-1
Takhtajan-Babujan model. J. Phys. A: Math. Gen., 21(7):L381, 1988.
26
[44] A. M. Tsvelik. Field-theory treatment of the Heisenberg spin-1 chain. Phys. Rev. B,
42:10499–10504, 1990.
[45] F. Michaud, S. R. Manmana, and F. Mila. Realization of higher Wess-Zumino-Witten
models in spin chains. Phys. Rev. B, 87:140404, 2013.
[46] V.G. Knizhnik and A.B. Zamolodchikov. Current algebra and Wess-Zumino model in two
dimensions. Nucl. Phys. B, 247(1):83 – 103, 1984.
[47] A.H. Bougourzi and R. A. Weston. N-point correlation functions of the spin-1 XXZ model.
Nucl. Phys. B, 417(3):439 – 462, 1994.
[48] H. Konno. Free-field representation of the quantum affine algebra Uq(sl2) and form factors
in the higher-spin XXZ model. Nucl. Phys. B, 432(3):457 – 486, 1994.
[49] M. Jimbo and T. Miwa. Algebraic Analysis of Solvable Lattice Models. American Mathe-
matical Society, Providence, RI, 1995.
[50] A.B. Zamolodchikov and V. A. Fateev. A model factorized S-matrix and an integrable spin-1
Heisenberg chain. Sov. J. Nucl. Phys., 32(2):298, 1980.
[51] H. Frahm, N.-C. Yu, and M. Fowler. The integrable XXZ Heisenberg model with arbi-
trary spin: Construction of the Hamiltonian, the ground-state configuration and conformal
properties. Nucl. Phys. B, 336(3):396 – 434, 1990.
27
A Sum rule saturation results
The sum rule of the matrix elements of different types of Bethe states is calculated by taa¯ =
1
N
∑
α |F aq |2.
One exceptional solution to the Bethe equations is within the states containing one one-string
and one three-string in table 6, where for the symmetric state the two real rapidities coincide.
The saturation of the sum rule of the remaining states to identically 100% indicates that the
matrix element of the exceptional state must vanish.
State t−+
• 1 one-string
• 1 two-string
1.3298902414257309778968260082398925737462210732701764927080799842
• 1 three-string 0.0034430919076023554365073250934407595871122600631568406252533493
Table 3: N = 4 zero field transverse sum rule saturation of all
Bethe states. t−+ = 43 .
State t−+
• 1 one-string
• 2 two-strings
1.3255257488748488860163283692758424230579681706120362031941046259
• 1 two-string
• 1 three-string
0.0075055971882272731525334425805834021031872300622757573898167819
• 2 one-strings
• 1 three-string
0.0002622186877160566127125335739058592402906351705930607556314381
• 1 one-string
• 1 four-string
0.0000397543061725485159834550328504808640766215971193428953405972
• 1 five-string 0.0000000142763685690357755328701511680678106758913089690984398903
Table 4: N = 6 zero field transverse sum rule saturation of all
Bethe states. t−+ = 43 .
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State t−+
• 1 one-string 0.6846990312590646393713079482707358515307377231873608519159514473
State tzzHW
• 2 one-strings 0
• 1 two-string 0.4511844635310912540668073936841415065474726562814123394313899782
Table 5: N = 4,M = 2 finite field sum rule saturation. The
contribution of lower weight states is incorporated in
the sum rule. tzzHW =
5
4 − 76 t−+.
State t−+
• 1 one-string
• 1 two-string
0.9114222449196104572254525102473452066445024764065529440308002752
• 3 one-strings 0.0004074719549408679440733606676982892360610948842848397581256742
• 1 three-string 0.0002114163546684467910556012520301073762100126243669746431148786
State tzzHW
• 2 one-strings
• 1 two-string
0.0002848110766734939157393853106721216300909654070606992945276071
• 2 two-strings 0.4814244133454303130164163967970538203043691866313212111429643782
• 1 one-string
• 1 three-string
0.0097493792684611458741399625435615923330214237710012341463743817
• 1 four-string 0.0000489630975675354619147600426821508218381318451001928009748890
Table 6: N = 6,M = 4 finite field sum rule saturation. The
contribution of lower weight states is incorporated in
the sum rule. tzzHW =
14
9 − 76 t−+.
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B Tables of rapidities and matrix elements
This section provides tables of rapidities and their corresponding matrix elements of the dynam-
ical structure factor in both zero field and finite field for small system sizes consisting of 4 and
6 sites respectively. For |F aa¯M |2, M denotes in which spin sub sector the ground state is taken as
a reference state for the matrix elements. The momentum of the Bethe states is given by
q = Mpi +
2pi
N
M∑
j=1
Jj mod 2pi (B.1)
P =
N
2pi
q = M
N
2
+
M∑
j=1
Jj mod N. (B.2)
BT B λ E P |F−+M2 |2
-1 -1 −1. −0.5 1 0.1081941875543878
0 0 0. −1. 2 2.5224077499274829
1 1 1. −0.5 3 0.1081941875543878
Table 7: N = 4, M = 1, 3 states
BT B λ E P |F zzM2|2
−22 −1.5 0.8164965809277260 + 0.5773502691896258i −1 2 0.1321488698022421
−0.5 0.8164965809277260− 0.5773502691896258i
−12 −0.5 −0.3333333333333333 + 0.4714045207910317i −2 3 0.7702200572599404
−0.5 −0.3333333333333333− 0.4714045207910317i
02 −0.5 0.5110810845293939i −2.7071067811865475 0 -
0.5 −0.5110810845293939i
12 0.5 0.3333333333333333 + 0.4714045207910317i −2 1 0.7702200572599404
0.5 0.3333333333333333− 0.4714045207910317i
22 0.5 −0.8164965809277260 + 0.5773502691896258i −1 2 0.1321488698022421
1.5 −0.8164965809277260− 0.5773502691896258i
0.51 0.5 0.7395391542562349 −1.2928932188134525 0 0
−0.51 −0.5 −0.7395391542562349
Table 8: N = 4, M = 2, 6 states
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BT B λ E P |F+−M2 |2 |F−+M4 |2
01 0 −0.4597842760651707 −2.3090169943749474 3 0.0032938977617409 0.7747958321493609
12 0 0.5389091324075328 + 0.5574169414591360i
1 0.5389091324075328− 0.5574169414591360i
01 0 0 −3.5 2 3.0899494936611665 3.7699693014042021
02 0 0.4472135954999579i
0 −0.4472135954999579i
01 0 0.4597842760651707 −2.3090169943749474 1 0.0032938977617409 0.7747958321493609
−12 −1 −0.5389091324075328 + 0.5574169414591360i
0 −0.5389091324075328− 0.5574169414591360i
−13 0 −0.5546486453949190 −1.1909830056250526 3 0.3274672866957473 0.0068861838152047
−2 −0.5316926716774879 + 1.0109029892426487i
−1 −0.5316926716774879− 1.0109029892426487i
03 - 0 −1.5 0 0 0
- i
- −i
13 0 0.5546486453949190 −1.1909830056250526 1 0.3274672866957473 0.0068861838152047
1 0.5316926716774879 + 1.0109029892426487i
2 0.5316926716774879− 1.0109029892426487i
Table 9: N = 4, M = 3, 6 states
BT B λ E P |F zzM4|2
−0.52 −0.5 −0.2958366877513515 + 0.5512945305070179i −4.3507810593582122 0 −(GS)
0.5 −0.2958366877513515− 0.5512945305070179i
0.52 −0.5 0.2958366877513515 + 0.5512945305070179i
0.5 0.2958366877513515− 0.5512945305070179i
04 −0.5 0.5003904510332184i −1.1492189406417878 0 0
0.5 −0.5003904510332184i
0.5 1.5221027460129776i
−0.5 −1.5221027460129776i
01 - 0 −2.5 0 0
03 - 0
- i
- −i
Table 10: N = 4, M = 4, 3 states
31
BT B λ E P |F−+M4 |2
−11 −1 −0.2555277805066051 −1.6344017903173264 5 0.0001789723688635
−32 −2 −1.1236418771967856 + 0.6063626703700935i
−1 −1.1236418771967856− 0.6063626703700935i
01 0 0.3686711262545637 −1.5 0 0.0000000000000000
−32 −2 −1.2449957349071031 + 0.6066082587665470i
−1 −1.2449957349071031− 0.6066082587665470i
11 1 1.3499213155394399 −0.9224880444272917 1 0.0000761620641837
−32 −2 −1.3370590369569984 + 0.6110017571295619i
−1 −1.3370590369569984− 0.6110017571295619i
−11 −1 −0.8382025477478952 −2.5 0 0.0000000000000000
−22 −1 −0.3714681411681472 + 0.4891628925301364i
−1 −0.3714681411681472− 0.4891628925301364i
01 0 0.2777436124668177 −2.2306475087141597 1 0.0076129377639565
−22 −1 −0.6636155913814564 + 0.4657466394203293i
−1 −0.6636155913814564− 0.4657466394203293i
11 1 1.2563934702520216 −1.5616187257160437 2 0.0025479594342444
−22 −1 −0.7483270479200486 + 0.4646161617183808i
−1 −0.7483270479200486− 0.4646161617183808i
−11 −1 −1.0194087434039865 −3.0922399830038464 1 0.0363666497936189
−12 −1 −0.0951457978234211 + 0.5024452796149906i
0 −0.0951457978234211− 0.5024452796149906i
01 0 0.1738705041478744 −3.1495526854710696 2 0.6396985716624094
−12 −1 −0.2782612070695909 + 0.5060767423118732i
0 −0.2782612070695909− 0.5060767423118732i
11 1 1.1761413042818725 −2.3660254037844386 3 0.0228050841164643
−12 −1 −0.3612605080004833 + 0.5051495227671889i
0 −0.3612605080004833− 0.5051495227671889i
−11 −1 −1.1032124888323004 −3 2 0.1630928137396166
02 0 0.1185935425239309 + 0.4975975543410103i
0 0.1185935425239309− 0.4975975543410103i
01 0 0 −3.6513878188659973 3 3.7237751676309478
02 0 0.4956592188330808i
0 −0.4956592188330808i
11 1 1.1032124888323004 −3 4 0.1630928137396166
02 0 −0.1185935425239309 + 0.4975975543410103i
0 −0.1185935425239309− 0.4975975543410103i
−11 −1 −1.1761413042818725 −2.3660254037844386 3 0.0228050841164643
12 0 0.3612605080004833 + 0.5051495227671889i
1 0.3612605080004833− 0.5051495227671889i
01 0 −0.1738705041478744 −3.1495526854710696 4 0.6396985716624094
12 0 0.2782612070695909 + 0.5060767423118732i
1 0.2782612070695909− 0.5060767423118732i
11 1 1.0194087434039865 −3.0922399830038464 5 0.0363666497936189
12 0 0.0951457978234211 + 0.5024452796149906i
1 0.0951457978234211− 0.5024452796149906i
−11 −1 −1.2563934702520216 −1.5616187257160437 4 0.0025479594342444
22 1 0.7483270479200486 + 0.4646161617183808i
1 0.7483270479200486− 0.4646161617183808i
01 0 −0.2777436124668177 −2.2306475087141597 5 0.0076129377639565
22 1 0.6636155913814564 + 0.4657466394203293i
1 0.6636155913814564− 0.4657466394203293i
Table 11: N = 6, M = 3, part I, 36 states
32
BT B λ E P |F zzM4|2
11 1 0.8382025477478952 −2.5 0 0.0000000000000000
22 1 0.3714681411681472 + 0.4891628925301364i
1 0.3714681411681472− 0.4891628925301364i
−11 −1 −1.3499213155394399 −0.9224880444272917 5 0.0000761620641837
32 1 1.3370590369569984 + 0.6110017571295619i
2 1.3370590369569984− 0.6110017571295619i
01 0 −0.3686711262545637 −1.5 0 0.0000000000000000
32 1 1.2449957349071031 + 0.6066082587665470i
2 1.2449957349071031− 0.6066082587665470i
11 1 0.2555277805066051 −1.6344017903173264 1 0.0001789723688635
32 1 1.1236418771967856 + 0.6063626703700935i
2 1.1236418771967856− 0.6063626703700935i
−11 −1 −1.1648129344771764 −1.8486121811340027 3 0.0024448317296452
01 0 0
11 1 1.1648129344771764
−33 −1 −1.3751320020322765 −0.6339745962155614 3 0.0000663240402261
−3 −1.2995316710963794 + 1.0960218400182442i
−2 −1.2995316710963794− 1.0960218400182442i
−23 −2 −0.7780251893799998 −1.0388285888128867 4 0.0005223047734948
−2 −0.7884690768841303 + 1.0095363580274479i
−1 −0.7884690768841303− 1.0095363580274479i
−13 −1 −0.3600822571547615 −1.3702226735373758 5 0.0000456202502845
−2 −0.3602454378332713 + 0.9999102054675333i
−1 −0.3602454378332713− 0.9999102054675333i
03 - 0 −1.5 0 0
- i
- −i
13 1 0.3600822571547615 −1.3702226735373758 1 0.0000456202502845
1 0.3602454378332713 + 0.9999102054675333i
2 0.3602454378332713− 0.9999102054675333i
23 2 0.7780251893799998 −1.0388285888128867 2 0.0005223047734948
1 0.7884690768841303 + 1.0095363580274479i
2 0.7884690768841303− 1.0095363580274479i
33 1 1.3751320020322765 −0.6339745962155614 3 0.0000663240402261
2 1.2995316710963794 + 1.0960218400182442i
3 1.2995316710963794− 1.0960218400182442i
Table 12: N = 6, M = 3, part II, 36 states
33
BT B λ E P |F zzM4|2
−2.52 −1.5 −0.8036647561703933 + 0.5782572622173032i −3.3866956443879710 2 0.0170777128241272
−0.5 −0.8036647561703933− 0.5782572622173032i
−1.52 −1.5 −0.2079830768876115 + 0.5062397808815254i
−0.5 −0.2079830768876115− 0.5062397808815254i
−2.52 −1.5 −0.8888704051389215 + 0.5754403251444594i −3.5687293044088437 3 0.1484547173477260
−0.5 −0.8888704051389215− 0.5754403251444594i
−0.52 −0.5 0.0256601234818369 + 0.4967118046497673i
−0.5 0.0256601234818369− 0.4967118046497673i
−2.52 −1.5 −0.9621948944414796 + 0.5763832396210103i −3.0702431803750762 4 0.0434998349234136
−0.5 −0.9621948944414796− 0.5763832396210103i
0.52 −0.5 0.2611251115948570 + 0.5045447969804691i
0.5 0.2611251115948570− 0.5045447969804691i
−2.52 −1.5 −1.0401751926378281 + 0.5795693023558029i −2.1746745323454712 5 0.0002049178477000
−0.5 −1.0401751926378281− 0.5795693023558029i
1.52 0.5 0.6042632900130412 + 0.4766052282890622i
0.5 0.6042632900130412− 0.4766052282890622i
−2.52 −1.5 −1.1345148425061558 + 0.5848723992472916i −1.4032554973559433 0 0.0000000000000000
−0.5 −1.1345148425061558− 0.5848723992472916i
2.52 0.5 1.1345148425061558 + 0.5848723992472916i
1.5 1.1345148425061558− 0.5848723992472916i
−1.52 −0.5 −0.3969559927993647 + 0.4607080317005712i −4.4478315142860692 4 0.9080091111358645
−0.5 −0.3969559927993647− 0.4607080317005712i
−0.52 −0.5 −0.0561473304008010 + 0.4900443352694275i
−0.5 −0.0561473304008010− 0.4900443352694275i
−1.52 −0.5 −0.4642107980156561 + 0.4742493249967691i −4.0905762324398553 5 0.3270269459574597
−0.5 −0.4642107980156561− 0.4742493249967691i
0.52 −0.5 0.1949955740300619 + 0.5060832884369909i
0.5 0.1949955740300619− 0.5060832884369909i
−1.52 −0.5 −0.5263290621701776 + 0.4768669715419894i −3.1015212750487114 0 0.0000000000000000
−0.5 −0.5263290621701776− 0.4768669715419894i
1.52 0.5 0.5263290621701776 + 0.4768669715419894i
0.5 0.5263290621701776− 0.4768669715419894i
−1.52 −0.5 −0.6042632900130412 + 0.4766052282890622i −2.1746745323454712 1 0.0002049178477000
−0.5 −0.6042632900130412− 0.4766052282890622i
2.52 0.5 1.0401751926378281 + 0.5795693023558029i
1.5 1.0401751926378281− 0.5795693023558029i
−0.52 −0.5 −0.1492571102680958 + 0.5101771962770252i −5.0477319188686440 0 −(GS)
0.5 −0.1492571102680958− 0.5101771962770252i
0.52 0.5 0.1492571102680958 + 0.5101771962770252i
0.5 0.1492571102680958− 0.5101771962770252i
−0.52 −0.5 −0.1949955740300619 + 0.5060832884369909i −4.0905762324398553 1 0.3270269459574597
0.5 −0.1949955740300619− 0.5060832884369909i
1.52 0.5 0.4642107980156561 + 0.4742493249967691i
0.5 0.4642107980156561− 0.4742493249967691i
−0.52 −0.5 −0.2611251115948570 + 0.5045447969804691i −3.0702431803750762 2 0.0434998349234136
0.5 −0.2611251115948570− 0.5045447969804691i
2.52 0.5 0.9621948944414796 + 0.5763832396210103i
1.5 0.9621948944414796− 0.5763832396210103i
0.52 0.5 0.0561473304008010 + 0.4900443352694275i −4.4478315142860692 2 0.9080091111358645
0.5 0.0561473304008010− 0.4900443352694275i
1.52 0.5 0.3969559927993647 + 0.4607080317005712i
0.5 0.3969559927993647− 0.4607080317005712i
0.52 0.5 −0.0256601234818369 + 0.4967118046497673i −3.5687293044088437 3 0.1484547173477260
0.5 −0.0256601234818369− 0.4967118046497673i
2.52 0.5 0.8888704051389215 + 0.5754403251444594i
1.5 0.8888704051389215− 0.5754403251444594i
1.52 0.5 0.2079830768876115 + 0.5062397808815254i −3.3866956443879710 4 0.0170777128241272
1.5 0.2079830768876115− 0.5062397808815254i
2.52 0.5 0.8036647561703933 + 0.5782572622173032i
1.5 0.8036647561703933− 0.5782572622173032i
Table 13: N = 6, M = 4, part I, 40 states
34
BT B λ E P |F zzM4|2
−11 −1.5 −0.4172174150276393 −1.75 0 0.0000000000000000
−23 −0.5 −0.8879962412278256
−2.5 −0.8287589080915323 + 1.0547936386346191i
−1.5 −0.8287589080915323− 1.0547936386346191i
−11 −0.5 −0.7285638156760314 −2.0709148404638211 1 0.0000265485047544
−13 −0.5 −0.2843422676673447
−2.5 −0.2842375171257300 + 0.9998124554859105i
−1.5 −0.2842375171257300− 0.9998124554859105i
−11 −0.5 −0.9139696370417966 −2.0215473328758938 2 0.0006524833900225
03 0.5 0.1453459697349351
0.5 0.1453478261557062 + 0.9999999037165379i
1.5 0.1453478261557062− 0.9999999037165379i
−11 −0.5 −1.0436453670563748 −1.6812706955911563 3 0.0005197183559271
13 1.5 0.5734798372122437
0.5 0.5756398390705960 + 1.0036242925593361i
1.5 0.5756398390705960− 1.0036242925593361i
−11 −0.5 −1.1590824419781914 −1.1982838595313864 4 0.0001310462344822
23 0.5 1.1352502921259584
1.5 1.0779692771616892 + 1.0547382592318158i
2.5 1.0779692771616892− 1.0547382592318158i
01 −0.5 0.2535457639517348 −1.7714707163348150 1 0.0006903212695128
−23 −0.5 −1.0316371808126689
−2.5 −0.9777074330195156 + 1.0481020833265213i
−1.5 −0.9777074330195156− 1.0481020833265213i
01 −0.5 0.1403957698390096 −2.2689018975264362 2 0.0272280200506845
−13 −1.5 −0.4603172854240659
−1.5 −0.4615442327573274 + 1.0023724999658045i
−0.5 −0.4615442327573274− 1.0023724999658045i
01 − 0 −2.5 0 0
03 − 0
− i
− −i
01 0.5 −0.1403957698390096 −2.2689018975264362 4 0.0272280200506845
13 1.5 0.4603172854240659
0.5 0.4615442327573274 + 1.0023724999658045i
1.5 0.4615442327573274− 1.0023724999658045i
01 0.5 −0.2535457639517348 −1.7714707163348150 5 0.0006903212695128
23 0.5 1.0316371808126689
1.5 0.9777074330195156 + 1.0481020833265213i
2.5 0.9777074330195156− 1.0481020833265213i
11 0.5 1.1590824419781914 −1.1982838595313864 2 0.0001310462344822
−23 −0.5 −1.1352502921259584
−2.5 −1.0779692771616892 + 1.0547382592318158i
−1.5 −1.0779692771616892− 1.0547382592318158i
11 0.5 1.0436453670563748 −1.6812706955911563 3 0.0005197183559271
−13 −1.5 −0.5734798372122437
−1.5 −0.5756398390705960 + 1.0036242925593361i
−0.5 −0.5756398390705960− 1.0036242925593361i
11 0.5 0.9139696370417966 −2.0215473328758938 4 0.0006524833900225
03 −0.5 −0.1453459697349351
−1.5 −0.1453478261557062 + 0.9999999037165379i
−0.5 −0.1453478261557062− 0.9999999037165379i
11 0.5 0.7285638156760314 −2.0709148404638211 5 0.0000265485047544
13 0.5 0.2843422676673447
1.5 0.2842375171257300 + 0.9998124554859105i
2.5 0.2842375171257300− 0.9998124554859105i
11 1.5 0.4172174150276393 −1.75 0 0.0000000000000000
23 0.5 0.8879962412278256
1.5 0.8287589080915323 + 1.0547936386346191i
2.5 0.8287589080915323− 1.0547936386346191i
Table 14: N = 6, M = 4, part II, 40 states
35
BT B λ E P |F zzM4|2
0.51 0.5 0.9786507997042435 −2.3672139253321358 4 0.0003384867317601
−0.51 −0.5 −0.1483156944498343
−22 −1.5 −0.9254685761284599 + 0.5798860423518019i
−0.5 −0.9254685761284599− 0.5798860423518019i
0.51 0.5 0.9004363395453612 −3.4137102060124348 5 0.0005159464982604
−0.51 −0.5 −0.6398190009845127
−12 −0.5 −0.2803753366392453 + 0.4883202503674975i
−0.5 −0.2803753366392453− 0.4883202503674975i
0.51 0.5 0.8195774644159196 −3.8778480615673433 0 0.0000000000000000
−0.51 −0.5 −0.8195774644159196
02 −0.5 0.5041224339899170i
0.5 −0.5041224339899170i
0.51 0.5 0.6398190009845127 −3.4137102060124348 1 0.0005159464982604
−0.51 −0.5 −0.9004363395453612
12 0.5 0.2803753366392453 + 0.4883202503674975i
0.5 0.2803753366392453− 0.4883202503674975i
0.51 0.5 0.1483156944498343 −2.3672139253321358 2 0.0003384867317601
−0.51 −0.5 −0.9786507997042435
22 0.5 0.9254685761284599 + 0.5798860423518019i
1.5 0.9254685761284599− 0.5798860423518019i
−24 −1.5 −1.1036662393572179 + 0.5078701404301931i −0.7392826456850315 4 0.0000584860163966
−0.5 −1.1036662393572179− 0.5078701404301931i
−3.5 −1.0360550682203347 + 1.4880380646500060i
−2.5 −1.0360550682203347− 1.4880380646500060i
−14 −0.5 −0.5079588269222967 + 0.4999303471007927i −0.9786534724036026 5 0.0000884032763060
−0.5 −0.5079588269222967− 0.4999303471007927i
−3.5 −0.5056159447610890 + 1.4948984128570630i
−2.5 −0.5056159447610890− 1.4948984128570630i
04 −0.5 0.5000015897353024i −1.0696432471593580 0 0.0000000000000000
0.5 −0.5000015897353024i
1.5 1.5007749182844950i
−1.5 −1.5007749182844950i
14 0.5 0.5079588269222967 + 0.4999303471007927i −0.9786534724036026 1 0.0000884032763060
0.5 0.5079588269222967− 0.4999303471007927i
2.5 0.5056159447610890 + 1.4948984128570630i
3.5 0.5056159447610890− 1.4948984128570630i
24 0.5 1.1036662393572179 + 0.5078701404301931i −0.7392826456850315 2 0.0000584860163966
1.5 1.1036662393572179− 0.5078701404301931i
2.5 1.0360550682203347 + 1.4880380646500060i
3.5 1.0360550682203347− 1.4880380646500060i
Table 15: N = 6, M = 4, part III 40 states
36
BT B λ E P |F−+M6 |2
01 0 −0.6155824896741097 −4.6674217796794355 5 0.4621517596557141
0.52 0.0 0.1042754099415518 + 0.5098278117754908i
1.0 0.1042754099415518− 0.5098278117754908i
1.52 0.0 0.6113014527883884 + 0.5600502322371753i
1.0 0.6113014527883884− 0.5600502322371753i
01 0 −0.4124492474611392 −4.4474281868168146 4 1.2305819964533264
−0.52 0.0 −0.1906025411394349 + 0.4848058776348274i
0.0 −0.1906025411394349− 0.4848058776348274i
1.52 0.0 0.6742292028878124 + 0.5553405201370433i
1.0 0.6742292028878124− 0.5553405201370433i
01 0 0 −5.6629176259105471 3 4.4068019602365224
−0.52 0.0 −0.1777470423567636 + 0.4529111371009282i
0.0 −0.1777470423567636− 0.4529111371009282i
0.52 0.0 0.1777470423567636 + 0.4529111371009282i
0.0 0.1777470423567636− 0.4529111371009282i
01 0 0 −3.2555419656828377 3 0.1608850207944900
−1.52 −1.0 −0.7344347264939947 + 0.5567522611426832i
0.0 −0.7344347264939947− 0.5567522611426832i
1.52 0.0 0.7344347264939947 + 0.5567522611426832i
1.0 0.7344347264939947− 0.5567522611426832i
01 0 0.4124492474611392 −4.4474281868168146 2 1.2305819964533264
−1.52 −1.0 −0.6742292028878124 + 0.5553405201370433i
0.0 −0.6742292028878124− 0.5553405201370433i
0.52 0.0 0.1906025411394349 + 0.4848058776348274i
0.0 0.1906025411394349− 0.4848058776348274i
01 0 0.6155824896741097 −4.6674217796794355 1 0.4621517596557141
−1.52 −1.0 −0.6113014527883884 + 0.5600502322371753i
0.0 −0.6113014527883884− 0.5600502322371753i
−0.52 −1.0 −0.1042754099415518 + 0.5098278117754908i
0.0 −0.1042754099415518− 0.5098278117754908i
−0.51 0 0.7760928156236603 −2.6535245095478798 5 0.0007866560631482
0.51 −1 −0.3361920951945765
−13 0 −0.6116744597578116
−2 −0.5774906107067409 + 1.0182692877505771i
−1 −0.5774906107067409− 1.0182692877505771i
−0.51 − 0.6151741139620555 −2.9509163797718942 0 0
0.51 − −0.6151741139620555
03 − 0
− i
− −i
−0.51 1 0.3361920951945765 −2.6535245095478798 1 0.0007866560631482
0.51 0 −0.7760928156236603
13 0 0.6116744597578116
1 0.5774906107067409 + 1.0182692877505771i
2 0.5774906107067409− 1.0182692877505771i
02 −1 0.1475046631495792 + 0.5044326797467416i −3.6337545340012151 5 0.0029471263324903
0 0.1475046631495792− 0.5044326797467416i
−13 0 −0.6640449056199454
−2 −0.6419946016559088 + 1.0097957534813132i
−1 −0.6419946016559088− 1.0097957534813132i
02 − 0.50638053617925371i −4.1896949288340794 0 0
− −0.50638053617925371i
03 − 0
− i
− −i
02 0 −0.1475046631495792 + 0.5044326797467416i −3.6337545340012151 1 0.0029471263324903
1 −0.1475046631495792− 0.5044326797467416i
13 0 0.6640449056199454
1 0.6419946016559088 + 1.0097957534813132i
2 0.6419946016559088− 1.0097957534813132i
Table 16: N = 6, M = 5, part I, 36 states
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BT B λ E P |F−+M6 |2
−22 −1 −0.5906005172425210 + 0.5405390439370296i −2.8430703308172536 3 0.0033239138830987
0 −0.5906005172425210− 0.5405390439370296i
−13 0 −0.1985520765620395
−3 −0.1985109822637059 + 1.0000258094976104i
−2 −0.1985109822637059− 1.0000258094976104i
−22 −1 −0.7931934831195145 + 0.5517636692053256i −2.4367936379920076 4 0.0016649380829351
0 −0.7931934831195145− 0.5517636692053256i
03 1 0.3288644919332310
0 0.3288964591888249 + 1.0003559732705106i
1 0.3288964591888249− 1.0003559732705106i
−22 −1 −0.9251983995938861 + 0.5599681537480929i −1.8519879291949645 5 0.0000925679194070
0 −0.9251983995938861− 0.5599681537480929i
13 0 0.8760411873717446
1 0.8418101696958006 + 1.0205436836407630i
2 0.8418101696958006− 1.0205436836407630i
−12 −1 −0.1091788921019517 + 0.4936601494699574i −3.7730004341516686 4 0.0109185293344029
−1 −0.1091788921019517− 0.4936601494699574i
−13 0 −0.5391270914300524
−2 −0.5252910935702397 + 1.0059280271340690i
−1 −0.5252910935702397− 1.0059280271340690i
−12 0 −0.3370523045990830 + 0.4854883632265467i −3.4608271845507004 5 0.0035697160123478
0 −0.3370523045990830− 0.4854883632265467i
03 −1 0.1878240259216440
1 0.1878233539215883 + 1.0000319224320813i
2 0.1878233539215883− 1.0000319224320813i
−12 0 −0.4550876892796446 + 0.4847583844937834i −2.75 0 0.0000000000000000
0 −0.4550876892796446− 0.4847583844937834i
13 0 0.7629784368524934
1 0.7350362986195455 + 1.0141304262451267i
2 0.7350362986195455− 1.0141304262451267i
12 0 0.4550876892796446 + 0.4847583844937834i −2.75 0 0.0000000000000000
0 0.4550876892796446− 0.4847583844937834i
−13 0 −0.7629784368524934
−2 −0.7350362986195455 + 1.0141304262451267i
−1 −0.7350362986195455− 1.0141304262451267i
12 0 0.3370523045990830 + 0.4854883632265467i −3.4608271845507004 1 0.0035697160123478
0 0.3370523045990830− 0.4854883632265467i
03 1 −0.1878240259216440
−2 −0.1878233539215883 + 1.0000319224320813i
−1 −0.1878233539215883− 1.0000319224320813i
12 1 0.1091788921019517 + 0.4936601494699574i −3.7730004341516686 2 0.0109185293344029
1 0.1091788921019517− 0.4936601494699574i
13 0 0.5391270914300524
1 0.5252910935702397 + 1.0059280271340690i
2 0.5252910935702397− 1.0059280271340690i
22 0 0.9251983995938861 + 0.5599681537480929i −1.8519879291949645 1 0.0000925679194070
1 0.9251983995938861− 0.5599681537480929i
−13 0 −0.8760411873717446
−2 −0.8418101696958006 + 1.0205436836407630i
−1 −0.8418101696958006− 1.0205436836407630i
22 0 0.7931934831195145 + 0.5517636692053256i −2.4367936379920076 2 0.0016649380829351
1 0.7931934831195145− 0.5517636692053256i
03 −1 −0.3288644919332310
−1 −0.3288964591888249 + 1.0003559732705106i
0 −0.3288964591888249− 1.0003559732705106i
22 0 0.5906005172425210 + 0.5405390439370296i −2.8430703308172536 3 0.0033239138830987
1 0.5906005172425210− 0.5405390439370296i
13 0 0.1985520765620395
2 0.1985109822637059 + 1.0000258094976104i
3 0.1985109822637059− 1.0000258094976104i
Table 17: N = 6, M = 5, part II, 36 states
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BT B λ E P |F−+M6 |2
−11 0 −0.5927610624475779 −1.6988236863193494 1 0.0000075322750541
−14 −1 −0.5012018625258346 + 0.5008757902114886i
0 −0.5012018625258346− 0.5008757902114886i
−4 −0.4871697834582320 + 1.4812325187084924i
−3 −0.4871697834582320− 1.4812325187084924i
−11 0 −0.8069757503682298 −1.6731795677341720 2 0.0000531817392344
04 1 0.1470891108376228 + 0.4999895733158748i
1 0.1470891108376228− 0.4999895733158748i
1 0.1485797086290681 + 1.5019573893925587i
2 0.1485797086290681− 1.5019573893925587i
−11 0 −0.9638386461100639 −1.4069296691827464 3 0.0000163035209596
14 0 0.7853472319703160 + 0.5019690643465596i
1 0.7853472319703160− 0.5019690643465596i
2 0.7681445723963226 + 1.4697036613175872i
3 0.7681445723963226− 1.4697036613175872i
01 −1 0.1290830017729629 −1.9195981733053373 2 0.0000155680560221
−14 −1 −0.6626985823965715 + 0.5015934941027946i
0 −0.6626985823965715− 0.5015934941027946i
−3 −0.6535328359981892 + 1.4689553023145136i
−2 −0.6535328359981892− 1.4689553023145136i
01 0 0 −2.0815404084066153 3 0.0000533546544947
04 0 0.4999757102424680i
0 −0.4999757102424680i
1 1.5039274881011447i
−1 −1.5039274881011447i
01 1 −0.1290830017729629 −1.9195981733053373 4 0.0000155680560221
14 0 0.6626985823965715 + 0.5015934941027946i
1 0.6626985823965715− 0.5015934941027946i
2 0.6535328359981892 + 1.4689553023145136i
3 0.6535328359981892− 1.4689553023145136i
11 0 0.9638386461100639 −1.4069296691827464 3 0.0000163035209596
−14 −1 −0.7853472319703160 + 0.5019690643465596i
0 −0.7853472319703160− 0.5019690643465596i
−3 −0.7681445723963226 + 1.4697036613175872i
−2 −0.7681445723963226− 1.4697036613175872i
11 0 0.8069757503682298 −1.6731795677341720 4 0.0000531817392344
04 −1 −0.1470891108376228 + 0.4999895733158748i
−1 −0.1470891108376228− 0.4999895733158748i
−2 −0.1485797086290681 + 1.5019573893925587i
−1 −0.1485797086290681− 1.5019573893925587i
11 0 0.5927610624475779 −1.6988236863193494 5 0.0000075322750541
14 0 0.5012018625258346 + 0.5008757902114886i
1 0.5012018625258346− 0.5008757902114886i
3 0.4871697834582320 + 1.4812325187084924i
4 0.4871697834582320− 1.4812325187084924i
−15 −2 −0.7023744289880658 −0.7836603767064553 5 0.0000000428291057
−3 −0.7020556998129408 + 0.9994152751081230i
−2 −0.7020556998129408− 0.9994152751081230i
−2 −0.7477585408541322 + 1.9339783678268855i
−1 −0.7477585408541322− 1.9339783678268855i
05 − 0 −0.8593886913940265 0 0
− i
− −i
− 2.0302753367629257i
− −2.0302753367629257i
15 2 0.7023744289880658 −0.7836603767064553 1 0.0000000428291057
2 0.7020556998129408 + 0.9994152751081230i
3 0.7020556998129408− 0.9994152751081230i
1 0.7477585408541322 + 1.9339783678268855i
2 0.7477585408541322− 1.9339783678268855i
Table 18: N = 6, M = 5, part III, 36 states
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